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Solutions to Evercises 


1.1 (a), (c), and (e) are statements. 
1.2 (a), (c), and (d) are statements. 


1.3 a. Hypothesis: The right triangle XYZ with sides of lengths 
x and y and hypotenuse of length z has an 
area of 27/4. 
Conclusion: The triangle XYZ is isosceles. 
b. Hypothesis: n is an even integer. 
Conclusion: n? is an even integer. 
c. Hypothesis: a, b, c, d, e, and f are real numbers for which 
ad — bc £0. 
Conclusion: The two linear equations ax + by = e and 
cx + dy = f can be solved for x and y. 


1.4 a. Hypothesis: r is a real number that satisfies r? = 2. 
Conclusion: r is irrational. 
b. Hypothesis: p and q are positive real numbers such that 
VPGF (p+ q) /2. 
Conclusion: p # q. 
c. Hypothesis: f(x) = 27* for all real numbers z. 
Conclusion: There exists a real number x such that 
O0<a<land f(x) =-2. 
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1.5 


1.6 
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a. Hypothesis: A, B and C are sets of real numbers with A C B. 
Conclusion: ANC C BNC. 
b. Hypothesis: For a positive integer n, the function f defined by: 


n/2, if n is even 


f(n) = 
38n+1, ifn is odd 


For an integer k > 1, f*(n) = f*¥-l(f(n)), and ft(n) = f(n). 
Conclusion: For any positive integer n, there is an integer k > 0 such that 
f¥(n) =1. 
c. Hypothesis: x is a real number. 
Conclusion: The minimum value of x(a — 1) > —1/4. 


Jack’s statement is true. This is because the hypothesis that Jack did 


not get his car fixed is false. Therefore, according to rows 3 and 4 of Table 
1.1, the if/then statement is true, regardless of the truth of the conclusion. 


1.7 Jack’s statement is false. This is because the hypothesis, getting his 
car fixed, is true while the conclusion, not missing the interview, is false. 
Therefore, according to row 2 of the Table 1.1, the if/then statement is false. 


1.8 


Jack won the contest. This is because the hypothesis that Jack is younger 


than his father is true, and, because the if/then statement is true, row 1 of 
Table 1.1 is applicable. Therefore, the conclusion that Jack will not lose the 
contest is also true. 


1.9 a. True because A: 2 > 7 is false (see rows 3 and 4 of Table 1.1). 


b. True because B : 1 < 2 is true (see rows 1 and 3 of Table 1.1). 


1.10 a. True because 1 < 3 is true (see rows 1 and 3 of Table 1.1). 


b. True if 4 3 (see rows 3 and 4 of Table 1.1). 
False when x = 3 because then the hypothesis is true and the conclu- 
sion 1 > 2 is false (see row 2 of Table 1.1). 


1.11 If you want to prove that “A implies B” is true and you know that B 
is false, then A should also be false. The reason is that, if A is false, then 
it does not matter whether B is true or false because Table 1.1 ensures that 
“A implies B” is true. On the other hand, if A is true and B is false, then 
“A implies B” would be false. 


1.12 When B is true, rows 1 and 3 of Table 1.1 indicate that the statement 
“A implies B” is true. You therefore need only consider the case when B is 
false. In this case, for “A implies B” to be true, it had better be that A is 
false so that row 4 of Table 1.1 is applicable. In other words, you can assume 
B is false; your job is to show that A is false. 


From this table, B > A is not always true at the same time A > B is true. 


1.16 From row 2 of Table 1.1, you must show that A is true and B is false. 


1.17 a. 


AOU AWAAAH| & 
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For A to be true and B to be false, it is necessary to find a real 
number x > 0 such that log, (a) < 0. For example, 7 = 0.1 > 0, while 
log; 9(0.1) = —1 < 0. Thus, x = 0.1 is a desired counterexample. (Any 
value of a such that 0 < 2 < 1 would provide a counterexample.) 

. For A to be true and B to be false, it is necessary to find an integer 
n > 0 such that n° < n!. For example, n = 6 > 0, while 6? = 216 < 
720 = 6!. Thus, n = 6 is a desired counterexample. (Any integer 
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(T = true, F = false) 
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(T = true, F = false) 
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n > 6 would provide a counterexample.) 
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1.18 a. For A to be true and B to be false, it is necessary to find a positive 


integer n such that 3” < n!. For example, n = 6 > 0, while 3° = 
729 < 720 = 6!. Thus, n = 6 is a desired counterexample. (Any 
integer n > 6 would produce a valid counterexample.) 


. For A to be true and B to be false, it is necessary to find a real number 


x between 0 and 1 such that the first three decimal digits of x are the 
same as the first three decimal digits of 2~*. Using trial-and-error, the 
first three decimal digits of c = 0.641 are the same as the first three 
decimal digits of 2~°-°*! = 0.641268. Thus, « = 0.641 is a desired 
counterexample. 


Solutions to Evercises 


2.1 The forward process makes use of the information contained in the hy- 
pothesis A. The backward process tries to find a chain of statements leading 
to the fact that the conclusion B is true. 

With the backward process, you start with the statement B that you are 
trying to conclude is true. By asking and answering key questions, you derive 
a sequence of new statements with the property that, if the sequence of new 
statements is true, then B is true. The backward process continues until you 
obtain the statement A or until you can no longer ask and/or answer the key 
question. 

With the forward process, you begin with the statement A that you assume 
is true. You then derive from A a sequence of new statements that are true 
as a result of A being true. Every new statement derived from A is directed 
toward linking up with the last statement obtained in the backward process. 
The last statement of the backward process acts as the guiding light in the 
forward process, just as the last statement in the forward process helps you 
choose the right key question and answer. 


2.2 When formulating the key question you should look at the last statement 
in the backward process. When answering the key question you should be 
guided by the last statement in the forward process. 
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2.3 a. This question is incorrect because it asks how to prove the hypothesis, 
not the conclusion. This key question is also incorrect because it uses 
specific notation from the problem. 

b. This question is incorrect because it asks how to prove the hypothesis, 
not the conclusion. 

c. This question is incorrect because it uses the specific notation given 
in the problem. 

d. This question is correct. 


2.4 (c) is incorrect because it uses the specific notation given in the problem. 


2.5 a. This question is incorrect because it asks how to prove the hypothesis, 
not the conclusion. This key question is also incorrect because it uses 
specific notation from the problem. 

b. This question is incorrect because it uses the specific notation given 
in the problem. 

. This question is correct. 


fo) 


2.6 a. This question is incorrect because it uses the specific notation given 
in the problem. 
b. This question is incorrect because it asks how to prove the hypothesis, 
not the conclusion. 
c. This question is correct. 


2.7 All of these questions are valid. 


2.8 (a) is correct because it asks, without symbols, how to prove that the 
statement B is true. Questions (b) and (c) are not valid because they use the 
specific notation in the problem. Question (d) is an incorrect question for this 
conclusion, which involves the concept of a subset. 


2.9 Any answer to a key question for a statement B that results in a new 
statement Bl must have the property that, if Bl is true, then B is true. 
In this case, the answer that “B1 : the integer is odd” does not mean that 
“B : the integer is prime.” For example, the odd integer 9 = 3(3) is not prime. 


2.10 (d) is incorrect because the fact that the two lines lie on opposite sides 
of a quadrilateral does not ensure that the two lines are parallel. 


2.11 (c) is incorrect because the fact that the squares of two integers are 
equal does not guarantee that the integers are equal. For example, the square 
of the integers —5 and 5 are both 25, yet the two integers are not equal. 
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2.12 In addition to (c) being incorrect, the answer in part (d) would also 
be incorrect. For example, the absolute value of the difference of the real 
numbers 1.1 and 1.3 is 0.2 < 1, yet these two real numbers are not equal. 


2.13 a. How can I show that two lines are parallel? 
How can I show that two lines do not intersect? 
How can I show that two lines tangent to a circle are parallel? 
How can I show that two tangent lines passing through the end- 
points of the diameter of a circle are parallel? 

b. How can I show that a function is a polynomial? 

How can I show that the sum of two functions is a polynomial? 
How can I show that the sum of two polynomials is a polynomial? 


2.14 a. How can I show that an integer (namely, n?) is even? 
How can I show that the square of an integer (namely, n) is even? 
b. How can I show that two equations have an integer solution? 
How can I show that an integer (namely, n) satisfies a given equa- 
tion (namely, 2n? — 3n = —2)? 
How can I show that an integer (namely, n) is the root of a 
quadratic equation (namely, 2n? — 3n + 2 = 0)? 


2.15 a. How can I show that a number (namely, a? + 6?) is less than or 
equal to another number (namely, (a + b)?)? 
How can I show that the sum of the squares of two numbers 
(namely, a and b) is less than or equal to the square of the sum of 
the two numbers? 

b. How can I show that two lines are perpendicular? 

How can I show that two lines with slopes whose product is —1 are 
perpendicular? 
How can I show that two lines intersect at an angle of 90°? 


2.16 a. How can I show that two numbers (namely, RS and ST) are equal? 
How can I show that two sides of a triangle (namely, RS and ST) 
have equal length? 

b. How can I show that a set (namely, R intersect T) is not empty? 
How can I show that the intersection of two sets (namely, R and 
T) contains at least one element? 


2.17 a. Show that one number is < the other number and vice versa. 
Show that the ratio of the two (nonzero) numbers is 1. 
Show that the two numbers are both equal to a third number. 
b. Show that the elements of the two sets are identical. 
Show that each set is a subset of the other. 
Show that both sets are equal to a third set. 
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2.18 a. 


2.19 a. 


2.20 a. 


2.21 a. 


Show that the two lines do not intersect. 

Show that the two lines are both perpendicular to a third line. 
Show that the two lines are both vertical or have equal slopes. 
Show that the two lines are each parallel to a third line. 

Show that the equations of the two lines are identical or have no 
common solution. 

Show that their corresponding side-angle-sides are equal. 

Show that their corresponding angle-side-angles are equal. 

Show that their corresponding side-side-sides are equal. 

Show that they are both congruent to a third triangle. 


Show that the two lines intersect with an angle of 90 degrees. 
Show that the two lines have slopes whose product is —1. 

Show that the one line is perpendicular (parallel) to a third line 
that is parallel (perpendicular) to the other line. 


. Show that all the sides are equal. 


Show that all angles are equal. 

Show that two of the angles are 60 degrees. 

Show that two of the exterior angles are 120 degrees. 

Show that it is an isosceles triangle and has an angle of 60 degrees. 
Show that it is similar to another equilateral triangle. 


Show that the integer, n, is the product of two other integers 
strictly between 1 and n. 

Show that the integer can be divided evenly by some integer m 
with l<m<n. 

(Suppose you are trying to show that S C T.) 

Show that every element of S is also in T. 

Show that SN T =T. 

Show that S is a subset of a set U and U CT. 


Show that the first integer minus the second integer is less than 0. 
Show that the ratio of the first integer to the second (nonzero) 
integer is less than 1. 

Show that there is a real number larger than the first integer and 
smaller than the second integer. 

Show that the integer can be divided evenly by 2. 

Show that the remainder on dividing the integer by 2 is 0. 

Show that the integer is not odd. 

Show that the integer is equal to another integer that is even. 


2.22 (1) How can I show that the solution to a quadratic equation is positive? 
(2) Show that the quadratic formula gives a positive solution. 
(3) Show that the solution —b/2a is positive. 
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2.23 (1) How can I show that a triangle is equilateral? 
(2) Show that the three sides have equal length (or show that the three 
angles are equal). 
(3) Show that RT = ST = SR (or show that ZR = ZS = ZT). 


1) How can I show that two lines are parallel? 
2) Show that the slopes of the lines are equal. 
) Show that —a/b = —c/d. 


2.25 (1) How can I show that a quadratic equation has no real solution? 
(2) Show that when the quadratic formula is applied, the discriminant 
(that is, the expression under the square root) is negative. 
(3) Show that the expression 3? — 4d is negative. 


2.26 The given statement is obtained by working forward from the conclusion 
rather than the hypothesis. 


2.27 The definition of subset is not applied correctly. Specifically, if R is a 
subset of S, it is not true that every element of S' is also an element of R but 
rather, every element of R is also an element of S. 


2.28 The incorrect statement is 2n + 1 < 2". To see why, consider the 
counterexample of n = 1. In this case, 2(1) +1 ¢ 2'. For this proof to 
be valid, it is necessary to include in the hypothesis that n > 2, for then 
2n+1< 2". 


2.29 a. (w—2)(a-1) <0. 


x(a —3) < —2. 
—z* +3x2—2>0. 
b. a/z=1/V2. 


Angle X is a 45-degree angle. 
cos(X) = 1/V2. 
c. The circle has its center at (3,2). 
The circle has a radius of 5. 
The circle crosses the y-axis at (0,6) and (0, —2). 
x? —6r+94+y*—4y+4=25. 


2.30 a. Each side of the rectangle has the same length. 
The length of a diagonal is /2 times the length of one side. 
The rectangle’s area is the square of the length of one of its sides. 
b. n? is even. 
n is even. 
(n + 1)(n — 1) is odd. 
n+ 1 and n-—1 are odd. 
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c. There is a value of x that satisfies 32 — 1 = 2? 4+ 2. 
The line intersects the function at the point x = 1 and y = 2. 
The derivative of x?-+ 2 at the point where the tangent line touches 
the graph is 3. 


2.31 (d) is not valid because “x 4 5” is not stated in the hypothesis and so, 
if x = 5, it will not be possible to divide by x — 5. 


2.32 (c) is not valid because n can be less than or equal to 1. For example, 
when n = 1, c is greater than b because c is the hypotenuse, therefore c > b 
and 6. 


2.33 The third sentence, in which it says that Vb? — 4ac = b—2a, is incorrect. 
This is because taking the positive square root of b? — 4ac = (b — 2a)? fails 
to take into account the second possible solution, namely 2a — 6; that is, 


Vb? — dac = £(b — 2a). 


2.34 For sentence 1: The fact that ec” = c*c”~? follows by algebra. The 
author then substitutes c? = a? + b?, which is true 
from the Pythagorean theorem applied to the right 
triangle. 

For sentence 2: For a right triangle, the hypotenuse c is longer than 
either of the two legs a and b so, c > a, c > b. Because 
n > 2, c%~? > a”~* and c”~? > b”~? and so, from sen- 
tence 1, c” = a2c"~? + b?c"~? > a?(a"~?) + B7(b"~?). 
For sentence 3: Algebra from sentence 2. 


2.35 Key Question: How can I show that a real number is 0? 
Key Answer: Show that the number is less than or equal to 0 and 
that the number is greater than or equal to 0. 


2.36 a. Analysis of Proof. A key question associated with the conclusion 
is, “How can I show that a real number (namely, x) is 0?” To show 
that « = 0, it will be established that 


Bl: «<Oand2z>0. 

Working forward from the hypothesis immediately establishes that 
Al: «> 0. 

To see that x < 0, it will be shown that 
B2: «=—y and -y <0. 


Both of these statements follow by working forward from the hy- 
potheses that 
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A2: «+y =0 (so « = —y) and 
A3: y > 0 (so —y < 0). 
It remains only to show that 
B3: y=0, 
which follows by working forward from the fact that 
A4: x =0 
and the hypothesis that 
A5: x+y =), 


SO, 


AG: O=r+y=0+y=y. 


b. Proof. To see that both x = 0 and y = 0, it will first be shown that 
x > 0 (which is given in the hypothesis) and x < 0. The latter is 
accomplished by showing that x = —y and that —y < 0. To see that 
x = —y, observe that the hypothesis states that x+y = 0. Similarly, 
—y <0 because the hypothesis states that y > 0. Thus, x = 0. To 
see that y = 0, one can substitute x = 0 in the hypothesis x + y = 0 
to reach the desired conclusion. 0 


2.37 Analysis of Proof. A key question associated with the conclusion B 
is, “How can I show that a triangle (namely, SUR) is congruent to another 
triangle (namely, SUT)?” One answer is to use the side-angle-side theorem 
to show that 

Bl: RUSH UTA RUS = 27S, and su = SU. 
The first of these follows from the hypothesis that SU is a perpendicular 
bisector of RT’, so 

Al: RU =UT. 
The second part of B1 follows from SU being a perpendicular bisector of RT, 
so 

A2: ZRUS = ZTUS = 90°. 


Finally, it is obvious that SU = SU, which, combined with Al and AQ, is B1, 
thus completing the proof. 
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2.38 Analysis of Proof. A key question associated with the conclusion 
is, “How can I show that an implication (namely, “A implies C”) is true?” 
According to Table 1.1, one answer is to assume that 


Al: A is true, 
for which you must show that 


B1: C is true. 


Working forward from the hypothesis that “A implies B” is true, because A 
is true (see Al), it follows from Table 1.1 that 


A2: B is true. 


Similarly, working forward from the hypothesis that “B implies C” is true, 
because B is true (see A2), it follows from Table 1.1 that 


A3: C is true. 


The proof is now complete because the last statement in the forward process 
(A3) is the same as the last statement in the backward process (B1). 


2.39 a. The number to the left of each line in the following figure indicates 
which rule is used. 


SS st 
S/n 
SSSS sst stst 
1 1), \ \ 
ssssssss_ ts st sssst sstsst stststst 


b. The number to the left of each line in the following figure indicates 
which rule is used. 


tttst tsttt tssss  sssst ts 


NEF 


tst 
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c. A: s given 
Al: ss rule 1 
A2: ssss rule l 
B1: sssst rule 4 

B: tst rule 3 


2.40 Analysis of Proof. In this problem one has: 


A: The right triangle XYZ is isosceles. 
B: The area of triangle XYZ is 27/4. 


A key question for B is, “How can I show that the area of a triangle is equal 
to a particular value?” One answer is to use the formula for computing the 
area of a triangle to show that 


Bl: 27/4= xy/2. 
Working forward from the hypothesis that triangle XYZ is isosceles, 


Al: x=y, so 
A2: c—y=0. 


Because XYZ is a right triangle, from the Pythagorean theorem, 
A3: 2 =n? +y". 


Squaring both sides of the equality in A2 and performing algebraic manipu- 
lations yields 


A4: (x — y)? =0. 
A5: 2? —2ry+y? =0. 
AG: 22 + y? = 2xy. 
Substituting A3 in A6 yields 
AT: 27 = 2ay. 
Dividing both sides by 4 finally yields the desired result: 
A8: 27/4= a2y/2. 


Proof. From the hypothesis, 7 = y, or equivalently, « — y = 0. Performing 
algebraic manipulations yields x? + y? = 2xy. By the Pythagorean theorem, 
2? = 27 +y? and on substituting z? for x? + y?, one obtains 2? = 2zy, or, 
27/4 = xy/2. From the formula for the area of a right triangle, the area of 
XYZ = xy/2. Hence z?/4 is the area of the triangle. O 


2.41 The analysis and the proof refer to the following figure: 
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In 


Analysis of Proof. The conclusion is reached by showing that 


B1: Triangle X WZ is isosceles and triangle WYZ is equilateral. 


The key questions associated with Bl are, “How can I show that a triangle 
(namely, XWZ) is isosceles and a triangle (namely, WYZ) is equilateral?” 
One answer is to show that 


B2: £ZXW = ZXZW and ZLWYZ = ZYZW = LZZWY . 


To that end, working forward from the hypothesis that W is the midpoint of 
the hypotenuse XY means that 


Al: XW =WY. 
Also, the fact that XYZ is a 30-60-90 degree triangle means that 
AQ sin(7 AX) SY ZIXY S172, thats, YZ-= XY /2. 
Because XY = XW + WY, you have from A1 that 
A3: XY =2XW. 
Substituting A3 in A2 and using Al yields 
A4: YZ= XW =WY. 


The fact that YZ = WY means that the angles opposite these sides in triangle 
WYZ are equal, that is, 


A5: LWZY = ZLZWY. 


Furthermore, the sum of the angles of triangle WYZ is 180°, so, using the 
hypothesis that ZZYW = 60°, you have that 


A6: LWZY + LZWY + 60° = 180°. 

Combining A5 and A6 leads to the second part of B2, namely, 
A7: LWZY = LZWY = LZYW = 60°. 

Finally, because ZXZY = 90° and from A7, ZWZY = 60°, it follows that 
A8&: LXZW = LXZY — LWZY = 90° — 60° = 30°. 


Combining A8 with the hypothesis that ZZXW = 30° means that the first 
part of B2 is true, namely, 
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A9: LZXW = LXZW. 


The proof is now complete. 


Proof. To see that triangle XWZ is isosceles and triangle WYZ is equilat- 
eral, it will be shown that ZZXW = ZXZW = 30° and ZLWYZ = LYZW = 
LZWY = 60°. To that end, the hypothesis that W is the midpoint of XY 
means that XW = WY and because triangle XYZ is a 30-60-90 degree trian- 
gle, YZ = XY/2=WY-. But then, because WY = YZ, the angles opposite 
these sides in triangle WYZ must be equal. However, because ZWYZ = 60° 
by hypothesis and the sum of the angles of triangle WYZ is 180°, it follows 
that LWYZ = LYZW = LZWY = 60°, as desired. 

It remains to show that ZXZW = 30°. However, this follows because 
LXZY = 90° by hypothesis and it has just been shown that ZYZW = 60°, 
so LXZW = 30°, as desired, thus completing the proof. O 


2.42 Analysis of Proof. A key question associated with the conclusion is, 
“How can I show that a triangle is equilateral?” One answer is to show that 
all three sides have equal length, specifically, 


Bi: RS: = ST = RT. 

To see that RS = ST, work forward from the hypothesis to establish that 
B2: Triangle RSU is congruent to triangle SUT. 

Specifically, from the hypothesis, SU is a perpendicular bisector of RT’, so 
Al: RU =UT. 

In addition, 


A2: LRUS = LSUT = 90°. 
A3: SU =SU. 
Thus the side-angle-side theorem states that the two triangles are congruent 


and so B2 has been established. 
It remains (from B1) to show that 


B3: RS = RT. 
Working forward from the hypothesis you can obtain this because 
A4: RS = 2RU = RU +UT = RT. 


Proof. To see that triangle RST is equilateral, it will be shown that RS = 
ST = RT. To that end, the hypothesis that SU is a perpendicular bisector of 
RT ensures (by the side-angle-side theorem) that triangle RSU is congruent 
to triangle SUT. Hence, RS = ST. To see that RS = RT, by the hypothesis, 
one can conclude that RS = 2RU = RU+UT=RT. O 
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2.43 Analysis of Proof. A key question associated with the conclusion is, 
“How can I show that the area of a triangle is equal to a particular number?” 
One answer is to use the formula of one-half the base times the height for the 
area. Doing so means that, in this case, you must show that 


Bl: (RT)(SU)/2 = V3 (RS)° /4. 


The idea now is to relate RT’ and SU to RS. Specifically, because the hy- 
pothesis states that triangle RST is equilateral, it follows that 


Al: RT =}RS. 

Also, from the hypothesis that SU is a perpendicular bisector of RT, 
A2: Triangle RSU is a 30-60-90 degree triangle. 

But then, 
A3: SU = V/3(RS)/2. 


Substituting Al and A3 in the left side of B1, leads to the desired conclusion 
that 


AA: (RT)(SU)/2 = RS(V3(RS)/2)/2 = V3 (RS)° /4. 
Proof. The hypothesis that triangle RST is equilateral means that RT = RS. 


Furthermore, because SU is a perpendicular bisector of RT, RSU is a 30-60- 
90 degree triangle. Hence, SU = /3(RS)/2. But then, 


(RT) (SU) /2 = RS(V3(RS)/2)/2 = V3 (RS)” /4. 


In other words, the area of triangle RST is V3 (RS) /4, thus completing the 
proof. 0 


3.1 


3.2 


Solutions to Evercises 


. Key Question: 
Abstract Answer: 


Specific Answer: 


. Key Question: 


Abstract Answer: 


Specific Answer: 


. Key Question: 


Abstract Answer: 


Specific Answer: 


. Key Question: 
Abstract Answer: 


Specific Answer: 


How can I show that an integer (namely, n) is odd? 
Show that the integer equals two times some integer plus 
one. 

Show that n? = 2k +1 for some integer k. 

How can I show that a real number (namely, s/t) is ratio- 
nal? 

Show that the real number is equal to the ratio of two 
integers in which the denominator is not zero. 

Show that s/t = p/q, where p and q are integers and 
q# 0. 

How can I show that two pairs of real numbers (namely, 
(x1, y1) and (a2, y2)) are equal? 

Show that the first and second elements of one pair of real 
numbers are equal to the corresponding elements of the 
other pair. 

Show that 2, = x2 and y; = yp. 


How can I show that an integer (namely, n) is even? 
Show that the integer equals two times some integer. 
Show that n = 2k for some integer k. 
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3.4 


3.5 


3.6 
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. Key Question: How can I show that an integer (namely, n) is prime? 


Abstract Answer: Show that the integer is greater than 1 and can be divided 


only by itself and 1. 


Specific Answer: Show that n > 1 and, if k is an integer that divides n, 


then k=1lork=n. 


Key Question: How can I show that an integer (namely, 9) divides an- 


other integer (namely, (n — 1)? + n° + (n+ 1)3)? 


Abstract Answer: Show that the second integer equals the product of the 


first integer with another integer. 


Specific Answer: Show that the following expression is true for some integer 


k:(n—1)? +n? + (n+ 1)? = 9k. 


B1: The only positive integers that divide m are 1 and m. 

B1: p? = 2k, for some integer k. 

Bi: AB = BC =CA (or LA=ZB= ZC). 

B1: There are integers p and q with gq 4 0 such that \/n = p/q. 


(A is the hypothesis and Al is obtained by working forward one step.) 
a. 


b. 


d 


A: 
Al: 


n is an odd integer. 
n = 2k+1, where k is an integer. 


A: s andt are rational numbers with t 4 0. 
Al: s =p/q, where p and q are integers with g 4 0. Also, t= a/b, 
where a 4 0 and 6 £ 0 are integers. 
A: sin(X) = cos(X). 
Al: «/z=y/z (or v=y). 
A: a, b, c are integers for which ab and Oc. 
Al: b=pa and c= qb, where p and q are both integers. 


27-1 


For every integer, k with 1 < k <2”—1, = is not an integer (or k 


does not divide 2” — 1). 
.-RCSUT and SUTCR. 


For all real numbers x and y and for every real number ¢ with 
O<t<1,(f+g)(ta+(1—t)y) < t(f+g9)()+(1-t)(f+g9)(y), that is, 


f(ta+(1—t)y)+g(ta+(1—-t)y) < tf(x)+9(@)]+0—-O[f(y) +9)]- 
For every element x € SOT, f(x) > g(a). 


(T = true, F = false) 
a. Truth Table for the Converse of “A Implies B.” 


“A Implies B” “B Implies A” 


AB 
TT 
T F 
FT 
F F 


HAH 
HaaH 
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b. Truth Table for the Inverse of “A Implies B.” 


NOT A NOT B “NOT A Implies NOT B” 


HAW 
Haya 
HdaA 


The converse and inverse of “A implies B” are equivalent. Both are true 
except when A is false and B is true. 


3.7 (T = true, F = false) 
a. Truth Table for “A AND B.” 


“A AND B” 


AB 
TT 
T F 
FT 
F F 


WA 


b. Truth Table for “A AND NOT B” 
A B NOT B “A AND NOT B” 


TT F F 
T F T T 
FT F F 
F F T F 


3.8 (T = true, F = false) 
a. Truth Table for “A OR B.” 


“A OR B” 


AB 
hia 
T F 
FT 
FF 


Ma 
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b. Truth Table for “(NOT A) OR B.” 


A NOT A B “(NOT A) OR B” “A Implies B” 
ap, © cps * “fp an T 
a a F F 
y i a an 
BO a UE ak st 


“A implies B” and “(NOT A) OR B” are equivalent. Both are 
false when A is true and B is false and true otherwise. 


3.9 a. If nis an odd integer, then n? is odd. 
b. If r is a real number such that r? 4 2, then r is rational. 
c. If the quadrilateral ABC'D is a rectangle, then ABCD is a parallelo- 
gram with one right angle. 


3.10 a. Ifa, b, and c are integers for which alc, then alb and d|c. 
b. If n > 1 is an integer that is not prime, then 2” — 1 is not prime. 
c. If r is not a rational number with r ¥ 0, that is, if r is an irrational 
number or r = 0, then 1/r is irrational. 


3.11 Analysis of Proof. Using the forward-backward method one is led to 
the key question, “How can I show that one statement (namely, A) implies 
another statement (namely, C’)?” According to Table 1, the answer is to 
assume that the statement to the left of the word “implies” is true, and then 
reach the conclusion that the statement to the right of the word “implies” is 
true. In this case, you assume 


Al: A is true, 
and try to reach the conclusion that 
Bl: C is true. 


Working forward from the information given in the hypothesis, because 
“A implies B” is true and A is true, by row 1 in Table 1, it must be that 


Al: B is true. 
Because B is true, and “B implies C” is true, it must also be that 
A2: C is true. 


Hence the proof is complete. 
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Proof. To conclude that “A implies C” is true, assume that A is true. By 
the hypothesis, “A implies B” is true, so B must be true. Finally, because 
“B implies C” is true, C is true, thus completing the proof. O 


3.12 a. “D implies E”. 
b. “E implies C”. 


3.13 To show that A is equivalent to B, one key question is, “How can I show 
that two statements are equivalent?” By definition, you must show that 


B1: “A implies B” and “B implies A”. 
The hypothesis states that “A implies B” so it remains to show that 
B2: “B implies A”. 


This, however, follows from the hypothesis that “B implies C” and “C implies 
A” so, by the result in Exercise 3.12, “B implies A” and hence B2 is true. 

Likewise, to show that A is equivalent to C, one is led to the key question, 
“How can I show that two statements are equivalent?” By definition, it must 
be shown that 


B1: “A implies C” and “C' implies A”. 
The hypothesis states that “C implies A” so it remains to show that 
B2: “A implies C”. 


This, however, follows from the hypothesis that “A implies B” and “B implies 
C” so, by the result in Exercise 3.12, “A implies C” and hence B2 is true. 
The proof is now complete. 


3.14 a. If the four statements in part (a) are true, then you can show that 
A is equivalent to any of the alternatives by using Exercise 3.13. For 
instance, to show that A is equivalent to D, you already know that 
“D implies A.” By Exercise 3.13, because “A implies B,” “B implies 
C,” and “C implies D,” you have that “A implies D.” 

b. The advantage of the approach in part (a) is that only four proofs 
are required (A > B, B > C, C => D, and D = A) as opposed 
to the six proofs (A > B, B=> A, A> C,C = A, A= D, and 
D = A) required to show that A is equivalent to each of the three 
alternatives. 


3.15 In this case, to use Proposition 3, it must be shown that the hypothesis 
of the question, the right triangle ABC’ with sides of lengths a and 6 and hy- 
potenuse of length c has an area of c?/4, implies the hypothesis of Proposition 
3. Matching up the notation with r = a, s = b, and t = c, you must show 


that c= V 2ab. 
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3.16 Because the hypotheses of Proposition 3 are true for the current triangle, 
it follows that the conclusion of Proposition 3 is true for the current triangle, 
that is, triangle ABC is isosceles. 


3.17 a. A: s given 
Al: tst from 2.39 part (c) 

A2: tsttst rulel 

A3: tsst rule 2 

AA: tssttsst rule 1 

B1: tsssst rule 2 

B: ttst rule 3 


b. A: stsss given 

Al: stt rule 3 

Bl: s rule 2 
B: tst from 2.39 part (c) 


c. In part (a), a previous proposition is used in the forward process, and, 
because the hypothesis of that proposition is true for the current problem, 
the conclusion of the previous proposition becomes a new statement Al in 
the forward process of the current problem. In part (b), a previous propo- 
sition is used in the backward process, and so it must be shown that the 
hypotheses of that proposition are true for the current problem (see B1). 


3.18 Proposition 3 is used in the backward process to answer the key question, 
“How can I show that a triangle is isosceles?” Accordingly, it must be shown 
that the hypothesis of Proposition 3 is true for the current problem—that is, 
that w = V2uv. This is precisely what the author does by working forward 
from the hypothesis of the current proposition. 


3.19 First, previous knowledge that a line tangent to the endpoint of a di- 
ameter of a circle is perpendicular to the diameter is used to conclude that 
Ly, and Lz are both perpendicular to the diameter D of the circle. Then, 
previous knowledge—that two lines in a plane that are both perpendicular to 
a third line are parallel—is used to conclude that LZ, and Lz are parallel. 


3.20 Analysis of Proof. The key question for this problem is, “How can I 
show that a triangle is isosceles?” This proof answers this question by recog- 
nizing that the conclusion of Proposition 3 is the same as the conclusion you 
are trying to reach. So, if the current hypothesis implies that the hypothesis 
of Proposition 3 is true, then the triangle is isosceles. Because triangle UVW 
is a right triangle, on matching up the notation, all that remains to be shown 
is that sin(U) = \/u/2v implies w = V2uv. To that end, 


A: 


Al: 


A2: 


A3: 


AA: 


A5: 


B: 
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sin(U) = ,/ (by hypothesis) 
sin(U) == (by definition of sine) 
{= /s (from A and Al) 


= oe (square both sides of A2) 


uw? =2vu? — (cross-multiply A3) 
w? =2vu (divided A4 by u) 


w=vV2uv (take the square root of both sides of A5) 


It has been shown that the hypothesis of Proposition 3 is true, so the conclu- 
sion of Proposition 3 is also true. Hence triangle UV W is isosceles. 


3.21 a. 


Proposition 2 is used in the last sentence of the proof. Specifically, 
a key question for the conclusion of the current proposition is, “How 
can I show that the square of an integer (namely, m+n) is even?” 
This question is answered using Proposition 2 because the conclusion 
of Proposition 2 is the same as the conclusion of this proof. Thus, 
all that needs to be shown is that the hypothesis of Proposition 2 is 
true—namely, that m+n is even—which is what the author shows. 

Proposition 2 is used in the first sentence of this proof. Specifically, the 
author works forward from the hypothesis of the current proposition 
that m and n are even integers to claim, by Proposition 2, that m? 
and n? are even integers. In other words, because m and n satisfy the 
hypothesis of Proposition 2 (namely, being even), m and n must also 
satisfy the conclusion of Proposition 2, that is, m? and n? are even. 


3.22 Analysis of Proof. A key question for this problem is, “How can I 
show that an integer (namely, n?) is odd?” By definition, you must show that 


Bl: 


Turning 
from the 


Al: 


There is an integer k such that n? = 2k +1. 


to the forward process to determine the desired value of k in B1, 
hypothesis that n is odd, by definition, 


There is an integer p such that n = 2p + 1. 


Squaring both sides of the equality in Al and applying algebra results in 


A2: 


n? = (2p +1)? = 4p? + 2p4+1 = 2(2p* + p) +1. 


The proof is completed on noting from A2 that k = 2p? + p satisfies B1. 
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Proof. Because n is odd, by definition, there is an integer p such that n = 
2p +1. Squaring both sides of this equality and applying algebra, it follows 
that n? = (2p4 1)? = 4p? + 2p4+ 1 = 2(2p? + p) +1. But this means that, for 
k = 2p? +p, n? =2k+1 and so n? is odd. O 


3.23 Analysis of Proof. A key question for this problem is, “How can I 
show that the square of an integer (namely, a +b), is odd?” One answer is 
provided by the proposition in Exercise 3.22, whose conclusion is the same as 
the one in this problem. Thus, it must be shown that the hypothesis of that 
proposition is true. Matching up notation, this means it must be shown that 
Bl: a+ 6 is odd. 
A key question associated with B1 is, “How can I show that an integer 
(namely, a + b) is odd?” By definition, it must be shown that 
B2: There is an integer k such that a+b= 2k +1. 
Turning to the forward process to determine the desired value of k in B2, 
from the hypothesis that a and b are consecutive integers, it follows that 
Al: b=a+1, and so 
A2: a+b=a+a+1=2a+1. 


The proof is now complete because B2 is true. 


Proof. Because a and 6 are consecutive integers, b = a+1. Thus, a+b = 2a+1 
is odd. By the prop. in Exer. 3.22, (a + b)? is odd and the proof is done. O 


3.24 Analysis of Proof. A key question for this problem is, “How can I 
show that the square of an integer (namely, a+ b) is even?” One answer is 
provided by Proposition 2, whose conclusion is the same as the one in this 
problem. Thus, it must be shown that the hypothesis of that proposition is 
true. Matching up notation, this means it must be shown that 


B1: a+) is even. 


A key question associated with B1 is, “How can I show that an integer 
(namely, a + b) is even?” By definition, it must be shown that 


B2: There is an integer k such that a+ b = 2k. 


Turning to the forward process to determine the value of k in B2, from the 
hypothesis that a and 6 are odd, it follows that 


Al: There are integers p and q such that a = 2p+ 1 and 
b = 2q+1 and so 


A2: a+b=2p4+14+2¢+1=2(p+q4+1). 


The proof is now complete because B2 is true. 
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Proof. Because a and 6 are odd integers, there are integers p and q such that 
a= 2p+1and b= 2q+1. Thus, a+b = 2(p+q+1) is even. By Proposition 
2, it follows that (a+ b)? is even and so the proof is complete. 0 


3.25 a. To avoid overlapping notation, rewrite the already-proved propo- 
sition as follows: “If c and d are nonnegative real numbers, then 
(c+d)/2 > Vcd.” Now, to use this proposition to prove that, if a 
and b are real numbers satisfying the property that b > 2|a|, then 
b > Vb? — 4a, match c to b — 2a and d to b + 2a. Then for these 
values of c and d, the hypothesis of the already proved proposition 
holds because both b — 2a > 0 and b+ 2a > 0 (as b > 2\a| from the 
hypothesis of the current proposition). As such, the conclusion of 
the already-proved proposition, namely that (c + d)/2 > Vcd, must 
hold for c= b— 2a and d= b+ 2a. That is, 


[((b— 2a) +(b+2a)]/2 > (b — 2a)(b + 2a) 
b > vb? —4a?. 


b. Analysis of Proof. Working backward using the quadratic formula, 
it must be shown that 


Bl: Either +vOae? < 


b—Vb?—4a? < 


=) 
2a a’ 


ss 
In particular, it will be shown that 
, —b-Vbe—4a? - -b 
Be Sg ae 
To that end, from the hypothesis that b > 2|a|, it follows from the 
result in part (a) that 


Al: b> Vb? — 4a?, that is, b — Vb? — 4a? > 0. 


Subtracting 2b from both sides of Al and then dividing by 2a < 0 
(from the hypothesis), results in the desired conclusion in B2 that 


AQ; ==vBET < =. 
2a = 


Proof. It will be shown that 


To that end, from the hypothesis that b > 2\a|, it follows from the result in 
part (a) that 


b> Vb? — 4a?, that is, b— Vb? — 4a? > 0. 


The desired conclusion follows on subtracting 2b from both sides and then 
dividing by 2a < 0, thus completing the proof. O 
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3.26 Analysis of Proof. The forward-backward method gives rise to the key 
question, “How can I show that a triangle is isosceles?” Using the definition 
of an isosceles triangle, you must show that two of its sides are equal, which, 
in this case, means you must show that 


Bl: u=v. 


Working forward from the hypothesis, you have the following statements and 
reasons 


Statement Reason 

Al: sin(U) = /u/2v. Hypothesis. 

A2: \/u/2v = u/w. Definition of sine. 

A3: w? = 2uv. From A2 by algebra. 

A4: w+? =u’. Pythagorean theorem. 

Abd: u2 +0? = 2uv Substituting w? from A3 in A4. 

A6: u?—2uv+v?=0. From 45 by algebra. 

A7: u-v=0. Factoring A6 and taking square root. 


Thus, u = v, completing the proof. 


Proof. Because sin(U) = ,/u/2v and also sin(U) = u/w, Vu/2v = u/w, 
or, w? = 2uv. Now, from the Pythagorean theorem, w? = u? + v?. On 
substituting 2uv for w? and then performing algebraic manipulations, one 
hasu=v. O 


3.27 Analysis of Proof. To verify the hypothesis of Proposition 1 for the 
current triangle UVW,, it is necessary to match up the notation. Specifically, 
r=u,y =v, and z= w. Then it must be shown that 


Bl: uv/2 = w?/4. 


Working forward from the current hypothesis that sin(U) = \/u/2v, and 
because sin(U) = u/w, one has 


Al: \/u/2u = u/w, or, 

A2: u/2v =u? /w, or, 

A3: w? = 2uv. 
On dividing both sides of the equality in A3 by 4 yields precisely B1, thus 
completing the proof. (Observe also that triangle UVW is a right triangle.) 


Proof. By the hypothesis, sin(U) = \/u/2v and from the definition of sine, 
sin(U) = u/w, thus \/u/2u = u/w. By applying algebraic manipulations, one 
obtains wv/2 = w?/4. Hence the hypothesis of Proposition 1 holds for the 
current right triangle VVW and consequently the triangle is isosceles. O 


Solutions to Evercises 


4.1 
Object 
(a) two people 
(b) integer x 


(c) a point (2, y) 


(d) angle t’ 


(e) integers m and n 


Certain 

Property Something Happens 

none they have the same num- 
ber of friends 

none f(x) =0 


z>Oandy>0 y=m r+ b; and 
Y = Max + bg 


0<t<7 tan(t’) > tan(t) 


none am+bn=c 


4.2 a. There is an element s in the set S such that s > 0. 


Object: 
Certain property: 


element s. 
s>0. 


Something happens: s in the set S. 
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4.3 


4.4 


4.5 
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. There is an element ¢ in the set T. 
Object: element t. 
Certain property: none. 
Something happens: ¢ in the set T’. 


c. There is an integer k > 0 such that x? — kx + 2=0. 


Object: integer k. 
Certain property: k positive. 
Something happens: x? — kx +2 = 0. 


. Check that n is a positive integer and that n! > 3”. 


. Check that p is an integer with 1 < p< n and that n divided by p is 
an integer. 


. Check that the roots r1,---,r, are complex numbers (note that 


every real number is in the set of complex numbers) and that 
ag + air} +-+++anrf? =0 for each i= 1,...,n. 


. Construct an integer x and show that f(x) =0. 


. Construct a point (x,y) in the plane with x > 0 and y > 0 and show 


that y = myx + by and y = mor + bo 


d. Construct an angle t’ with 0 < t’ < 7 and show that tan(t’) > tan(t). 
. Construct integers m and n and show that am + bn =c. 


. Yes, because the statement can be rewritten to contain the quantifier 
“there is” explicitly, as follows: There is a real number x such that 
xe! —dAg44411¢—-3=0. 

. No, because the conclusion requires you to show that there does not 
exist a positive integer x such that ax? + br + b— a =0, rather than 
there does exist something. 


. Yes, because the statement can be rewritten so that the conclusion 


contains the quantifier “there is” explicitly, as follows: If ABCD is a 
square whose sides have length s, then there is a circle inscribed in 
ABCD whose area is at least 3s7/4. 


4.6 The construction method arises in the proof of Proposition 2 because the 
statement, 


B1: n? can be expressed as two times some other integer 


can be rewritten as follows to contain the quantifier “there is”: 


B2: There is an integer p such that n? = 2p. 


The construction method is then used to produce the integer p for which 
n? = 2p. Specifically, using the fact that n is even, and hence that there is an 
integer k such that n = 2k, the desired value for p is constructed as p = 2k?. 
This value for p is correct because n? = (2k)? = 4k? = 2(2k?) = 2p. 
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4.7 Analysis of Proof. The appearance of the keywords “there is” in the 
conclusion suggests using the construction method to find an integer x for 
which x? — 52/2+3/2 =0. Factoring means that you want an integer x such 
that (@ — 1)(a — 3/2) = 0. Thus, the desired value is 2 = 1. On substituting 
this value of 2 in x? — 52/2 + 3/2 yields 0, so the quadratic equation is 
satisfied. This integer solution is unique because the only other solution is 
x = 3/2, which is not an integer. 


Proof. Factoring x? — 52/2 + 3/2 means that the only roots are x = 1 and 
x = 3/2. Thus, there exists an integer (namely, x = 1) such that 2? —5a/2+ 
3/2 = 0. The integer is unique. O 


4.8 Analysis of Proof. The appearance of the keywords “there is” in the 
conclusion suggests using the construction method to find a real number x 
such that «? — 52/2 + 3/2 = 0. Factoring this equation means you want to 
find a real number « such that (~—3/2)(a—1) = 0. So the desired real number 
is either x = 1 or x = 3/2 which, when substituted in x? — 52/2 + 3/2, yields 
0. The real number is not unique as either « = 1 or x = 3/2 works. 


Proof. Factoring x? — 52/2 + 3/2 =0 yields (a — 3/2)(a —1) =0, sor =1 
or « = 3/2. Thus, there exists a real number, namely, x = 1 or « = 3/2, such 
that 2? — 52/2+3/2=0. The real number is not unique. O 


4.9 a. 7 is the smallest positive integer such that n! > 3”. You can see that 
7! = 5040 > 2187 = 3’. Furthermore, it is easy to check that for 
n=1,...,6,n! <3”. 

b. After 15 years at an interest rate of 5%, an investment will have more 
than doubled because (1+ xo) = (1+0.05)! = 2.079 > 2. Fur 
thermore, after 14 years, (1+ i)" = (14 0.05)!4 = 1.98 < 2, so 
the money will not have doubled. Although one can check the value 
of the investment at each year 1,...,14, that is not necessary. An 
investment with a positive rate of return can only increase in value. 
So, if the money has not more than doubled in year 14, it has not dou- 
bled before year 14 either. So 15 is smallest positive integer number 
of years such that an investment with 5% interest will at least double. 
The value of 15 can be obtained without trial-and-error by solving the 
equation (1+0.05)* = 2 for x to obtain # = In(2)/In(1.05) = 14.2. So 
15 is the smallest integer larger than 14.2. 

c. The angle x = 0.739 satisfies cos(a) = x to three decimal digits. This 
value is obtained by trial-and-error. 


4.10 Analysis of Proof. One answer to the key question, “How can I show 
that a number (namely, s + t) is rational?” is to use the definition and show 
that 


B1: There are integers p and q with q 4 0 such that s+ t= a 
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Because of the keywords “there are” in the backward statement B1, the 
author recognizes the need for the construction method. Specifically, the 
author works forward from the hypothesis, by definition of a rational number, 
to claim that 


Al: There are integers a,b,c,d with b,d # 0 such that s = ¢ 
and t = §. 


Adding the two fractions in Al together results in 


A2: s+ti=%4+5= aoe 


From A2, the author constructs the values for the integers p and q in B1, 
as indicated when the author says, “Now set p = ad + bc and q = bd.” The 
remainder of this proof involves showing that these values of p and gq satisfy 
the desired properties in Bl. Specifically, ¢q = bd 4 0 because b,d 4 0 (see 
Al) ands+t= ; from A2. The proof is now complete. DO 


4.11 Analysis of Proof. The conclusion of the proposition can be reworded 
as follows: 


B: There is a rational root for the equation ax? + ba +c = 0. 


In this form, the keywords “there is” suggests using the construction method 
to produce this rational root. Because this equation is quadratic with a 4 0, 
the author works forward using the quadratic formula, so the roots of the 
equation are 

Al: x= abt Vb2—4ac 


2a 


In the last sentence of the condensed proof, the author constructs the desired 
root as x = —otve =4ee ETS Therefore, to complete the construction method, it 
remains to be shown that 


Bl: 2 = —tye tac yen tae is rational. 


A key question associated with B1 is, “How can I show that number (namely, 
x) is rational?” Using the definition to answer this question means it is 
necessary to show that 


B2: There are integers p and q with gq 40 such that 2 = - 


Recognizing the keywords “there are” in the backward statement B1, the 
author uses the construction method to produce the desired integers p and 
q. Although the author never explicitly says so, looking at B1, the author 
constructs p = —b+./b? — 4ac and q = 2a. It is clear that gq = 2a 4 0 because 
a #0 from the hypothesis. However, it is necessary to be sure that the value 
of p = —b + Vb? — 4ac is an integer, which will be true if you can show that 


B3: \/b? — 4ac is an integer. 
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Working forward from the hypothesis that 6? — 4ac is a square, by definition, 
this means that 


A2: There is an integer k such that b? — 4ac = k?. 


Taking the square root of both sides of the equality in A2 means that 


A3: Vb? — 4dac = Vk? = |k| is an integer. 


The proof is now complete because A3 is the same as B3. 


4.12 The error is in the statement that, ifn > 1/log,(r), then 4+ < log,(r). 
It is not necessarily true that, if @ and b are non-zero numbers with a > 8, 
then 1/a < 1/b. For example, if r = 1/2, then log,(r) = —1. Then for n = 2, 
n=2>-1=1/log,(r) but 4 = 5 ¢ —1 = log,(r). 


4.13 a. p and gq are defined in the first two sentences because the author is 
constructing a rational number r = ; that satisfies the conclusion of 
the proposition. 

b. Yes because 0 <m <nand so + < 4, that is, 7 -+ =" >0. 


Now n—m > 1 because n > mand n and m are integers. Then indeed 
for any integer g > 2mn > 0, 


1 1 - 
m nm min 


c. Yes, because the author has just shown that 4 > £+ 1. Therefore, 
there is at least one integer p between “ and £. 
d. Yes, because the author has already shown that for the integer p, 


Dividing the foregoing inequalities through by q > 0 yields 


1 
<>. 
m 
e. The author correctly states in the first sentence that q is a positive 
integer [see part (b)] and, as such, q 4 0. 


4.14 The error in the proof occurs when the author says to divide by p? 
because it will not be possible to do so if p = 0, which can happen. 


4.15 The proof is not correct. The mistake occurs because the author uses 
the same symbol z for the element that isin RNS and in SMT, where, in 
fact, the element in RMS need not be the same as the element in SNOT. 
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4.16 The proof is not correct. This is because the author needs to construct 
an integer k for which n = 2k. Indeed, the author shows that, for the integer 
p, the value of k = \/2p/2 satisfies n = 2k. However, the author has not 
shown that k = ./2p/2 is an integer. 


4.17 The mistake is that the author has shown that 2 divides m? + n? — 1 
when the proposition requires the author to show that 4 divides m? + n? — 1. 


4.18 The mistake is that the author has claimed that there exists an integer 
n such that m <n < p but has failed to show that such an integer exists. For 
example, if m = 1 and p = 2, then there is no integer n between m and p. 


4.19 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that an integer (namely, a) divides another 
integer (namely, c)?” By the definition, one answer is to show that 

B1: There is an integer k such that c = ak. 


The appearance of the quantifier “there is” in Bl suggests turning to the 
forward process to construct the desired integer k. 
From the hypothesis that ab and b|c, by definition, 
Al: There are integers p and q such that 6 = ap and c = bq. 


Therefore, it follows that 


A2: c= bq = (ap)q = a(pq), 
and so the desired integer k is k = pq. 


Proof. Because a|b and }|c, by definition, there are integers p and q for which 
b = ap and c = bq. But then c = bg = (ap)q = a(pq) and so alc. O 


4.20 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I to show that an integer (namely, a) divides another 
integer (namely, b)?” One answer, by definition, is to show that 


B1: There is an integer m such that b = ma. 


Recognizing the keywords “there is” in the statement Bl means you should 
now use the construction method to produce the desired integer m. 

Working forward from the hypothesis that the integer x satisfies the equa- 
tion ax? + br + b—a =0 and a ¥ 0, from the quadratic formula, 


Ris as NO) SN) a =hte, 


2a 2a 


Now because it is stated in the hypothesis that « > 0, it must be that 


‘ — —b+ 
A2: t= = 
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Looking at B1, you can solve the equation in A2 for b to obtain 
A3: b=a(1—2). 


It is easy to see from A3 that the desired value for the integer m in B1 is 
1— «x because b = (1 —2)a = ma. This completes the construction method 
and the proof. 


Proof. Solving the quadratic equation ax? + br +b — a = 0 for x yields 


—p+ 2 = _ 
b+ \/b? — 4a(b — a) eth b+a 
a 


2a 


i hs 


Now because «x is a positive integer, it must be that 


—b+a 
xr = , 
a 


Solving the foregoing equation for b yields b = (1—)a, which means that a|b 
and so the proof is complete. O 


4.21 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that an integer (namely, a) divides another 
integer (namely, c)?” By the definition, one answer is to show that 


B1: There is an integer k such that c = ak. 


The appearance of the quantifier “there is” in Bl suggests turning to the 
forward process to construct the desired integer k. 
From the hypothesis that a|b and a|(b+ c), by definition, 


Al: There are integers p and q such that b = ap and b+c = aq. 
Solving for c in the second equality in Al and substituting b = ap yields 
A2: c=aq—b=aq—ap=a(q-—p). 
From A2 it is now easy to see that the desired integer k in B1 isk = q-—p. 


Proof. Because a|b and a|(b+ c), by definition, there are integers p and q for 
which b = ap and b+ c= aq. But then it follows that c= aq— b= aq-—ap= 
a(q — p) and so alc, thus completing the proof. O 


4.22 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a real number (namely, s/t) is rational?” 
By the definition, one answer is to show that 


B1: There are integers p and q with g £0 such that s/t = p/q. 


The appearance of the quantifier “there are” in the backward statement B1 
suggests turning to the forward process to construct the desired p and q. 
From the hypothesis that s and ¢ are rational numbers, by the definition, 
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Al: There are integers a, b, c, and d with b 4 0 and d # 0 such 
that s = a/b and t =c/d. 


Because t £ 0, c #0, and thus bc £ 0. Hence, 
A2: s/t = (a/b)/(c/d) = (ad)/(bc). 


So the desired integers p and q are p = ad and q = bc. Observe that because 
b#A0 andc #0, q #0; also, s/t = p/q, thus completing the proof. 


Proof. Because s and t are rational, there are integers a, b, c, and d with 
b#0 andd £0 such that s = a/b andt = c/d. 

Because t # 0, c £ 0. Constructing p = ad and q = bc, and noting that 
q #0, one has s/t = (a/b)/(c/d) = (ad)/(bc) = p/g, and hence s/t is rational, 
thus completing the proof. 0 


4.23 Analysis of Proof. The keywords “there is” in the conclusion suggest 
using the construction method to produce real numbers c and d such that 
(a + bi)(c + di) = 1. The approach taken here is to find conditions on a and 
b so that, whatever values are constructed for c and d, it will be possible to 
show they satisfy the property that 


Bl: (a+ bi)(c+ di) =1. 


Performing the multiplication of the two complex numbers in Bl, you will 
need to show that 


B2: 1 = (a+ bi)(c+ di) = ac — bd + (bce + ad)i. 


In order for the complex number on the right of the equality in B2 to be equal 
to 1 = 1+ 02, you will need to show that 


B3: ac— bd =1 and bc+ad=0. 


To solve the two linear equations in B3 for the two unknowns c and d, you 
need the following property on a and 6 to hold (see Proposition 4 on page 43): 


a +b? £0. 
While the foregoing condition on a and 6 is certainly correct, observe that 
this condition is true if and only if the following simpler condition holds: 


Property P: a and b are not both zero. 


As long as Property P holds, you can solve the two linear equations in B3 to 
construct c and d as follows: 


: = a — _—b 
Al: C= oop andd= aye. 


It remains to show that, for the values of c and d in Al, B3 is true. Indeed, 


a —b 
ee ns ery Cee Ba 
sd «(stz) (==) 
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a —b 


The proof is now complete because the constructed values of c and d in Al 
satisfy (a + bt)(c + dt) = 1. 


and 


Proof. Assuming that a and 6 are not both zero (Property P), let ce = wiz 
and d= ar It is easy to verify that (a + bi)(c + di) = 1 and so the proof 
is complete. O 


5.1 


5.2 


5.3 


aor 


Solutions to Evercises 


. Object: 


Certain property: 
Something happens: 


. Object: 


Certain property: 
Something happens: 
Object: 

Certain property: 
Something happens: 


. Object: 


Certain property: 
Something happens: 


. Object: 


Certain property: 
Something happens: 
Object: 

Certain property: 
Something happens: 


real number x. 
none. 

f(t) < Fle"). 
element 2. 
res. 

g(x) = f(z). 
element x. 
res. 

L<U. 


real numbers x and y. 

u<yY. 

f(x) < fy). 

elements « and y, and real numbers t. 
zandyinC,and0<t< 1. 

ta + (1—t)y is an element of C. 

real numbers a, y, and t. 

O<t<l. 


f(ta + (1—t)y) < tf(x) + (1-1) f(y). 


da mountain 5 V other mountains, this one is taller than the others. 
. V angle ¢, sin(2t) = 2 sin(t) cos(t). 


Y nonnegative real numbers p and q, ,/pg > (p+ q)/2. 


. Vreal numbers x and y with « < y, Jarational number r > x <r < y. 
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5.4 


a) 


If p is a prime number, then p+ 7 is composite. 

b. If A, B, and C are sets with the property that A C B and B CC, 
then ACC. 

c. If p and q are integers with gq 4 0, then p/gq is rational. 


5.5 a. Choose a real number v’. 
It will be shown that f(2’) < f(a*). 
b. Choose an element x’ € S. 
It will be shown that g(x’) > f(a’). 
c. Choose an element 2’ € S. 
It will be shown that 2’ < u. 


5.6 a. Choose real numbers 2’, y’ with 2’ < y’. 
It will be shown that f(a’) < f(y’). 
b. Choose elements x’, y’ € C and a real number t’ with 0 <7?’ <1. 
It will be shown that t/a’ + (1-1t’)y’ EC. 
c. Choose real numbers zx’, y’, t’ withO <?t’ <1. 
It will be shown that f(x’ + (1-1t)y’) <¢ f(a’) + -t') fly’). 


5.7 a. You could not use the choose method because this statement contains 
the keywords “there is” instead of “for all” (so the construction method 
is an appropriate technique to consider). 

b. You could use the choose method because the backward statement 
contains the keywords “for all.” In this case you would choose an 
integer n > 4 for which you must show that n! > 2”. 

c. You could not use the choose method because the conclusion of this 
implication contains the keywords “there is” instead of “for all” (so 
the construction method is an appropriate technique to consider). 

d. You could use the choose method because the conclusion of the impli- 
cation contains the keywords “for all.” In this case you would choose 
an element x € S for which you must show that |z| < 20. 

e. You could use the choose method because the backward statement 
contains the keywords “for all.” In this case you would choose real 
numbers a, b, and ¢ for which you must show that if 4ac < 67, then 
ax? + bx +c has real roots. 


5.8 Key Question: How can I show that a set (namely, R) is a subset of another set 
(namely, T)? 


Key Answer: Show that every element of the first set is in the second set and so 
it must be shown that 

Bl: For every element r € R,r ET. 

Al: Choose an element r’ € R for which it must be shown that 


B2: r eT. 


5.9 


5.10 


5.11 


5.12 


Key Question: 
Key Answer: 
B1: 


Al: 
B2: 


Key Question: 


Key Answer: 


B1: 
Al: 


B2: 


Key Question: 


Key Answer: 


B1: 
Al: 


B2: 


Key Question: 


Key Answer: 


B1: 
Al: 


B2: 
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How can I show that a real number (namely, v) is an upper bound 
for a set of real numbers (namely, 5’)? 

Show that every element in the set is < the number and so it must 
be shown that 

For every element s € S, 5 < v. 

Choose an element s’ € S for which it must be shown that 

si <u. 


How can I show that a function (namely, f) is strictly increasing? 
Show that for each pair of real numbers where the first number is 
less than the second, the value of the function at the first number 
is less than the value of the function at the second. 

For all real numbers x and y with x < y, f(x) < f(y). 

Choose real numbers 2’ and y’ with 2’ < y’ for which it must be 
shown that 


f(a’) < fly’). 


How can I show that a set of real numbers (namely, C’) is convex? 
Show that for any two elements in the set and any real number 
between 0 and 1, the real number times the first element plus one 
minus the real number times the second element is also in the set. 
For all elements x,y € C' and real numbers t with 0 < ¢ < 1, 
ta+(1—thyec. 

Choose two elements x’, y’ € C and areal number ¢’ with0 < t/ <1 
for which it must be shown that 

Ua’ +(1-t)y €C. 


How can I show that a function (namely, f + g) is convex? 
Show that for each pair of real numbers and another special real 
number between 0 and 1, the value of the function at the special 
real number times the first number plus one minus the special real 
number times the second number is less than or equal to the special 
number times the value of the function at the first number plus 
one minus the special number times the value of the function at 
the second number. 
For all real numbers x, y, and ¢t withO<t <1, 
(f + g(t + (1—t)y) < tf + 9)(z) + (1 —O(f + 9)(y). 
Choose real numbers x’, y’, and t’ with 0 < t’ < 1 for which it 
must be shown that 

(1 


(ft g)Ua'+1—t)y) svt + 9)(2’) 4 


UNF + g)(y’)- 
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5.13 Incorrect because (x’, y’) should be chosen in S. 

. Correct. 

c. Incorrect because (x’, y’) should be chosen in $ (not in T’). Also, you 
should show that (2’, y’) is in T (not in S). 

d. Incorrect because you should not choose specific values for x and y 
but rather general values for x and y for which (a, y) € S. 


e. Correct. Note that this is simply a notational modification of part (b). 


a” 


5.14 a. Incorrect because you should be applying the choose method to the 
for-all statement in the backward process (not in the forward process). 

b. Incorrect because you should choose objects with the certain property 
(that is, you should choose real numbers x and y with 0 < x < y) for 
which you should then show that the something happens [that is, you 
should show that p(x) < p(y)]. 

c. Incorrect because you should choose objects with the certain property, 
that is, you should choose real numbers x and y with 0 < x < y (not 
u<y). 

d. Incorrect because you should not choose specific values for x and y 
but rather general objects with the certain property. 

e. Correct. 


5.15 The choose method is used in the first sentence of the proof where it 
says, “Let x be a real number.” More specifically, the author asked the key 
question, “How can I show that a real number (namely, z*) is a maximizer of 
a function (namely, f(a) = ax? + ba +c)?” Using the definition, one answer 
is to show that 


B1: For all real numbers x, f(«*) > f(x). 


Recognizing the quantifier “for all” in B1, the author uses the choose method 
to choose 


Al: A real number z, 
for which it must be shown that 
B2: f(z*) > f(x), that is, that a(x*)?+bz* +c > ax? +brt+e. 
The author then reaches B2 by considering the following two separate cases. 


Case 1. x* > x. In this case, the author correctly notes that «* — x > 0 and 
also that a(a* + 7) +b > 0 because «* = —b/(2a) and so 


A2: a(a* +2)+b=—b/2+axr+b = (2ax + b)/2. 


However, because x* = —b/(2a) > x, multiplying the inequality through by 
2a < 0 and adding b to both sides yields 
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A3: 2ar+b>0. 

Thus, from A2 and A3, the author correctly concludes that 
A4: a(z*+a2)+b> 0. 

Multiplying A4 through by «* — x > 0 and rewriting yields 
A5: a(x*)? — ax? + ba* — br > 0. 


Bringing all z-terms to the right and adding c to both sides yields B2, thus 
completing this case. 


Case 2. x«* < x. In this case, the author leaves the following steps for you to 
create. Now «* — x < 0 and also a(x* + x) +b < 0 because 


A2: a(a* +2) +b = —b/2+ ax +b = (2ax 4+ b)/2. 


However, because 7* = —b/(2a) < x and a < 0, it follows that 
A3: 2ax+b <0. 

Thus, from A2 and A3, 
AA: a(x* +2) +b<0. 

Multiplying A4 through by «* — x < 0 and rewriting yields 
A5: a(x*)? — ax? + ba* — br > 0. 


Bringing all x-terms to the right and adding c to both sides yields B2, thus 
completing this case and the proof. 


5.16 The choose method is used in the second sentence where the author 
says, “To that end, let x € RMS.” The choose method is used because, as 
stated in the first sentence, the author wants to show that 


Bi: Forallxe RAS, xeET. 


The author then recognizes the keywords “for all” in the backward statement 
B1 and uses the choose method to choose 


Al: An element x € RNS, 


for which it must be shown that 


B2: «eT. 
The author then correctly establishes B2 in the remainder of the proof. 


5.17 Analysis of Proof. Because the conclusion contains the keywords “for 
all,” the choose method is used to choose 


Al: Real numbers z and y with x < y, 
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for which it must be shown that 


Bl: f(x) < f(y), that is, ma +6 < my+b. 


Work forward from the hypothesis that m > 0 to multiply both sides of the 
inequality x < y in Al by m yielding 


A2: max < my. 
Adding 6 to both sides gives precisely B2. 


5.18 Analysis of Proof. The appearance of the quantifier “for every” in 
the conclusion suggests using the choose method, whereby one chooses 


Al: An element t € T, 
for which it must be shown that 
B1: ¢ is an upper bound for the set S. 


A key question associated with B1 is, “How can I show that a real number 
(namely, t) is an upper bound for a set (namely, S)?” By definition, one must 
show that 


B2: For every element x € S, x < t. 


The appearance of the quantifier “for every” in the backward statement B2 
suggests using the choose method, whereby one chooses 


A2: An element x € S, 
for which it must be shown that 
B3: x <t. 


To do so, work forward from A2 and the definition of the set S in the 
hypothesis to obtain 


A3: x(x — 3) <0. 


From A3, either x > 0 and x —3 < 0, or, x <0 and x—3>0. But the latter 
cannot happen, so 


A4: c>Oandxa4—-—3<0. 

From A4, 
A5: «<3. 

But, from Al and the definition of the set T in the hypothesis 
A6: t> 3. 

Combining A5 and A6 yields B3, thus completing the proof. 


SOLUTIONS TO EXERCISES IN CHAPTER 5 43 


5.19 Analysis of Proof. The author recognizes the keywords “for all” in 
the conclusion and, without telling you, uses the choose method to choose 


Al: Nonzero integers q < r having the same sign, 


for which it must be shown that 


B1: p/q> p/r. 


The author then works forward from the hypothesis that q and r have the 
same sign (so gr > 0) and the hypothesis that p > 0 to state that 


A2: p/(qr) > 0. 


The author continues to work forward using the hypothesis that r > q by 
multiplying both sides of r > q by p/(gr) > 0 (see A2) to state that 


A3: rp/(qr) > qp/(qr). 
Simple algebra applied to A2 results in the desired conclusion that 


p/q>p/r. 


The proof is now complete because A4 is the same as B1. 


5.20 a. The key question is, “How can I show that a number (namely, /2—2) is 
an upper bound for a set (namely, S)?” The key answer, by definition, 
is to show that each element of the set is < the number. 

b. The author used the choose method in the first sentence of the proof. 
Specifically, the author chooses an element a € S for which it must 
be shown that a < J2—-x. 


c. The hypothesis states that 0 < gon and so if n is any integer with 


n> 34h > 0, it will follow that 0 < 1 < 3% andsotes. 
d. n > 1, which is equivalent to 0 < os < 1, is used to obtain the first 


inequality to claim that 2x + 4+ < 2a+1. The fact that + < Bes 
which implies 4(2 + 1) < 2— 2? (because x > 0), is used to obtain 


the second inequality. 


5.21 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a function (namely, «+ 1) is greater than 
or equal to another function (namely, (2 — 1)?) on a set (namely, S)?” The 
definition provides the answer that one must show that 


Bl: For allxae S,2+1>(r—-1)?. 


The appearance of the quantifier “for all” in the backward process suggests 
using the choose method to choose 


Al: An element x € S, 
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for which it must be shown that 
B2: x+1>(¢-1)?. 


Bringing the term «+ 1 to the right and performing algebraic manipulations, 
it must be shown that 


B3: x(a —3) <0. 

However, working forward from Al using the definition of S yields 
A2: 0< 2 <3. 

But then xz > 0 and x —3 < 0 so B3 is true and the proof is complete. 


Proof. Let x € S, so 0 < x < 3. It will be shown that 2 +1 > (x — 1)?. 
However, because x > 0 and x < 3, it follows that a(2 — 3) = x? — 3x < 0. 
Adding x +1 to both sides and factoring leads to the desired conclusion that 
x+1>(r-1)7. D 


5.22 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a set (namely, C’) is convex?” One answer 
is by the definition, whereby it must be shown that 


B1: For all elements x and y in C, and for all real numbers t¢ 
with O<t<1l,te+(1—t)yeCc. 


The appearance of the quantifiers “for all” in the backward statement B1 
suggests using the choose method to choose 


Al: Elements x and y in C, and areal number t withO <¢< 1, 
for which it must be shown that 
B2: ta +(1—t)y € C, that is, a(ta + (1—t)y) <b. 
Turning to the forward process, because x and y are in C (see A1), 


A2: ax <b and ay <b. 
Multiplying both sides of the two inequalities in A2, respectively, by the 
nonnegative numbers t and 1 —t (see Al) and adding the inequalities yields: 
A3: tax + (1—t)ay <th+(1—2)b. 
Performing algebra on A3 yields B2, and so the proof is complete. 
Proof. Let t be a real number with 0 < t < 1, and let x and y be in C. 
Then az < b and ay < b. Multiplying both sides of these inequalities by t > 0 


and 1—t > 0, respectively, and adding yields alta + (1 —t)y] < b. Hence, 
ta + (1—t)y € C. Therefore, C is a convex set and the proof is complete. 0 
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5.23 Analysis of Proof. The keywords “for all” in the conclusion suggest 
using the choose method to choose 
Al: Real numbers x and y, 


for which it must be shown that 


Bl: f(a) = f(y) + 2ay + b)(a — y). 


Bringing the right side of the inequality in B1 to the left side means you must 
show that 


B2: f(x) — f(y) — 2ay + )(e—y) > 0. 


Using the definition of the function f, this means it must be shown that 


B3: ax? + br +c— ay” — by — c— 2ayx + 2ay? — br + by = 
ax? — 2axry + ay? > 0. 


Rewriting using algebra means you must show that 
B4: a(x —y)? > 0. 


However, it is given in the hypothesis that a > 0 and so B4 is true because 
(x — y)? > 0, thus completing the proof. 


Proof. Let x and y be real numbers, for which it will be shown that 
f(z) 2 fly) + (ay + b)(z — y), that is, f(x) — f(y) — (ay + b)(a— y) = 0. 
However, from algebra, f(a) — f(y) — (2ay + b)(a — y) = a(x — y)?. Because 
a > 0 from the hypothesis and (x — y)? > 0, a(x — y)? > 0 and so the proof 
is complete. O 


5.24 Analysis of Proof. The keywords “for all” in the conclusion suggest 
using the choose method to choose 


Al: Real numbers a and 8, at least one of which is not 0, 
for which it must be shown that 

Bl: a?+ab+b? >0. 
Working forward from the left side of B1 by algebra you have: 


A2: a2 +ab+b? > eae ab (from the hint) 


= abt2ab+0? Bab (algebra) 


- as (factor). 


The last term on the right side in A2 is nonnegative, thus establishing B1 
and completing the proof. 


46 SOLUTIONS TO EXERCISES IN CHAPTER 5 


Proof. Let a and b be real numbers, at least one of which is not zero. It then 
follows that 


a? +ab+b? > [(a?+6?)/2]+ ab (because a? + b? > (a? + b?)/2) 
= (at+b)?/2 (algebra). 


The desired conclusion follows by noting that (a + b)? > 0, thus completing 
the proof. O 


5.25 Analysis of Proof. A key question associated with the conclusion is, 
“How can I show that a function (namely, f(x) = x?) is strictly increasing?” 
Using the definition, the answer is to show that 


B1: For all real numbers x and y with x < y, x? < y°. 


Recognizing the keywords “for all” in the backward statement B1, the choose 
method is used to choose 


Ail: Real numbers x and y with x < y, 
for which it must be shown that 
B2: 2° < y’. 
Subtracting x* from both sides of B2 and factoring, you must show that 


B3: (y—2)(x*+ay+y) > 0. 


Now the term y — x is positive because « < y from Al. Also, the term 
x? +axy+y? > 0 from the result in Exercise 5.24. Thus the product of these 
two terms is positive, hence establishing B3 and completing the proof. 


Proof. To reach the conclusion that f(z) = x? is strictly increasing, let x 


and y be real numbers with x < y. Thus y— 2 > 0 and also x? +2y+y? > 0 
from the result in Exercise 5.24, so y? — 23 = (y—2)(a?+ay+y") > 0. This 
means that y? > x° and so f(x) = x? is strictly increasing. O 


5.26 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show a function (namely, f(”) = ma +6) is convex?” 
Using the definition in Exercise 5.2(c), one must show that 


B1: For all real numbers z and y, and for all t with 0 <t <1, 


f(ta + (1—t)y) < tf(@) + 1 — t) f(y), that is, 
m(ta + (1 —t)y) +b < t(ma + b) + (1 — t)(my +B). 


The appearance of the quantifier “for all” in the backward statement B1 
suggests using the choose method, whereby one chooses 


Al: Real numbers wv’ and y’, and areal number ¢t’ that satisfies 
0<¢ <1, 


for which it must be shown that 
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B2: m(t’e’ + (1-t')y’) +b < t'(ma’ + b) + (1 — t’)(my’ + 0). 
Applying algebra to the right side of the inequality in B2 results in 


A2: mite’ +(1-t)y’) +6 = mt'a'’+my' —mt'y' +b 
= mt'x'+bt'+my' —mt'y +6-— dt! 
= U(ma'+b)4+(1—t’)(my' +0). 


The proof is now complete because A2 establishes the inequality in B2. 


Proof. To show that f(x) = mz + 6 is convex, it will be shown that for all 
real numbers x and y, and for all ¢ satisfying 0 < ¢ < 1, 


m(ta + (1 —t)y) +b < t(ma + b) + (1 — t)(my + 0). 


To that end, let x’, y’ and t’ be real numbers with 0 < ¢/ < 1. Then 


mite’ +(1-t)y) +6 = mt'a’+ my’ —mt'y’ +6 
= t(ma'+b)+ (1—-t')(my’ +d). 


Thus the desired inequality holds and so the proof is complete. 0 


Solutions to Evercises 


6.1 The reason you need to show that Y has the certain property is because 
you only know that the something happens for objects with the certain prop- 
erty. You do not know that the something happens for objects that do not 
satisfy the certain property. Therefore, if you want to use specialization to 
claim that the something happens for this particular object Y, you must be 
sure that Y has the certain property. 


6.2 You can apply specialization to the statement, 


Al: For every object X with the property Q, T happens, 


to reach the conclusion that S happens for the particular object Y if, when 
you replace X with Y in Al, the something that happens (namely, T’) leads 
to the desired conclusion that S happens. To apply specialization, you must 
show that the particular object Y has the property Q in Al, most likely by 
using the fact that Y has property P. 

To use specialization in this problem you need to show two things: (1) 
that you can specialize Al to the object Y (which will be possible if whenever 
property P holds, so does property Q) and (2) that if T happens (plus any 
other information you can assume), then S happens. 
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6.3 


6.4 


6.5 


6.6 


a. 
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(1) Look for a specific real number, say y, with which to apply spe- 
cialization and (2) conclude that f(y) < f(a*) as a new statement in 
the forward process. 

(1) Look for a specific element, say y, with which to apply specializa- 
tion, (2) show that y € S, and (3) conclude that g(y) > f(y) as a new 
statement in the forward process. 

(1) Look for a specific element, say y, with which to apply special- 
ization, (2) show that y € S, and (3) conclude that y < u as a new 
statement in the forward process. 


(1) Look for specific real numbers, say x’ and y’, (2) show that 2’ < y’, 
and (3) conclude that f(x’) < f(y’) as a new statement in the forward 
process. 

(1) Look for specific elements, say x’ and y’, and a real number ¢’ 
with which to apply specialization, (2) show that 2’, y’ € C and that 
0 < t’ < 1, and (3) conclude that t’/x’ + (1 —1#’)y’ € C as a new 
statement in the forward process. 

(1) Look for specific real numbers, say x’, y’, and ¢t’ with which to 
apply specialization, (2) show that 0 < ¢t’ < 1, and (3) conclude that 
ft'a’+(1-t')y’) <Uf(e’)+(1-t’)f(y’) as a new statement in the 
forward process. 


You would not use specialization because the quantifier “for all” does 
not appear in the hypothesis. 

You would not use specialization because the quantifier “for all” ap- 
pears in the conclusion rather than the hypothesis. 

You would use specialization because the quantifier “for all” appears 
in the hypothesis. 

You would use specialization because the quantifier “for all” appears 
in the hypothesis. 


You must verify that the integer m is a prime number. Given that 
this is so, you can conclude that m+ 7 is composite. 

You must verify that the real number y > 0 and in the set S. Given 
that this is so, you can conclude that p(y) = 0. 

You do not need to verify anything. You can, however, conclude that 
the length c of the hypotenuse of the triangle ABC satisfies the prop- 
erty that c? = m? + m? — 2m? cos(1/2) = 2m?. 


. You must verify that the triangles CDE and FDA are equilateral. 


Given that this is so, you can conclude that, if one side of triangle 
CDE is parallel to one side of triangle FDA, then the remaining two 
sides of these triangles are parallel. Further, because you know that 
DE is parallel to DA, you can also conclude that the remaining two 
sides of these triangles are parallel. 


6.7 


6.8 


6.9 


a. 
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. You can reach the desired conclusion that sin(2X) = 2 sin(X) cos(X) 


by specializing the statement, “For all angles a and (, sin(a + 3) = 
sin(a@) cos(3) + cos(a) sin(G)” to a = X and B = X, which you can 
do because X is an angle. The result of this specialization is that 
sin(X + X) = sin(X)cos(X) + cos(X)sin(X), that is, sin(2X) = 
2 sin(X) cos(X). 


. You can reach the desired conclusion that (AM B)° = A‘® U B® by 


specializing the statement, “For any sets S and T, (SUT)* = S°NT” 
to S = A® and T = B®, which you can do because A° and B° are sets. 
The result of this specialization is that (A® U B°)° = (A°)° Nn (B°)* = 
ANB. Applying the complement to both sides now leads to the desired 
conclusion that A®U B® = (AN B)°. 


. You can reach the desired conclusion that f(1/2) < (f(0) + f(1))/2 


by specializing the statement, “For all real numbers z, y, and t with 
O<t<1, f(tet+(1—ty) <tf(x)+(1-df(y)” tox =0, y=1, and 
t = 1/2 because doing so results in f(1/2) < (f(0)+ f(1))/2. You can 
do this because this value of t = 1/2 satisfies the certain property that 
O0<t<1. 


. You can obtain the desired result by specializing the statement, “for all 


real numbers ¢ and d with c? > d?, Vc? — d? <c,” toc = (a+b)/2 and 
d = (a—b)/2 because doing so results in \/[(a + 6) /2]? — [(a — 6)/2]? = 
Vab < (a+b)/2. You can do this specialization because the values 
c=(a+b6)/2 and d= (a — b)/2, together with a, b > 0, satisfy 


2_ (atb\* _a@+2ab+h a? —-2ab+ _ (a-b\"_ 5 
2 7 4 ss 4 Me 2 = * 


The author is using the choose method. The choose method is used 
because the author has asked the key question, “How can I show that 
a set (namely, C’) is convex?” Using the definition, the answer is to 
show that 


B1: For all elements x,y € C and for all real numbers ¢ with 
O0<t<ltr+(1—-tyyec. 


Recognizing the keywords “for all” in the backward statement B1, the 
author now uses the choose method to choose 


Al: Elements a,b € C and a real number t with 0 <t< 1, 
for which it must be shown that 


B2: ta+(1—t)beC. 
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b. Specialization is used in the second sentence. Specifically, the author 
works forward by definition from the hypothesis that f is convex to 
claim that 


A2: For all real numbers z, y, and t with 0 <t<1, 
f(ta + (1 —t)y) < tf(x) + (1-4) f(y). 
Recognizing the keywords “for all” in the forward process, the author 
specializes A2 with t = t, x =a, and y = b to conclude that 


A3: f(ta+(1—#)b) <tf(a) + (1—t)f(b). 


c. The author is justified in saying that f(a) < y and f(b) < y because 
this is the defining property of the set C and a and b are in C [see Al 
in part (a)]. 


6.10 The author makes a mistake when saying that, “In particular, for the 
specific elements x and y, and for the real number ft, it follows that ta + 
(1 —t)y € R.” In this sentence, the author is applying specialization to the 
statement 


A1: For any two elements u and v in R, and for any real number 
swithO<s<1,su+(1—s)vER. 


Specifically, the author is specializing Al with u = x, v = y, and s = t. 
However, the author has failed to verify that these specific objects satisfy the 
certain properties in Al. In particular, to specialize Al to u= x and v = y, 
it is necessary to verify that « € Rand y € R. The author fails to do so (in 
fact it is not necessarily true that « € R and y € R). Thus, the author is not 
justified in applying this specialization. 


6.11 The author makes a mistake in the last sentence because, when dividing 


ae < b+ 2ax* 


by a < 0, the inequality must reverse, resulting in the following (undesirable) 
conclusion: 
= b+ 2ax* 


€ 
a 


6.12 The author makes the first mistake when saying that, “In particular, for 


t=1-—ag>0,0= p41 + 74522 and y = £3, you have 


f(te+(L= ty) = f (= as) (25a + 7522) + ases) 


IA 


(1 —as3)f (45 a+ 7. wr) + a3f (a3). 
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The author is specializing the definition of a convex function to particular 
values of t, x, and y; however, in order to do so, the author must verify that 
these objects satisfy the necessary property that 0 < ¢t <1. In particular, the 
author failed to verify that this value of t = 1 — a3 < 1 (which, in fact, is not 
true if ag = —1). 


The author makes the same mistake in the second specialization of a con- 

vex function to particular values of t, x, and y. In order to do so, the author 

must verify that these objects satisfy the necessary property that 0 <t < 1. 

In particular, the author failed to verify this property for t = ~~ (which, in 
. . a3 

fact, is not true if ay = —1 and az = —last= eae <0). 


6.13 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a set (namely, R) is a subset of another 
set (namely, T)?” One answer is by the definition, so one must show that 


B1: For all elements r € R,r€T. 


The appearance of the quantifier “for all” in the backward process suggests 
using the choose method. So choose 


Al: An element r’ € R, 
for which it must be shown that 
B2: r’ eT. 


Turning to the forward process, the hypothesis says that R is a subset of 
S and S is a subset of T. By definition, this means, respectively, that 


A2: For all elements r € R,r€ S, and 
A3: For all elements s€ 5,5 €T. 


Specializing A2 to r =r’ (which is in R from A1), one has that 
A4: r’ ES. 

Specializing A3 to r =r’ (which is in S from A4), one has that 
AB: r ET. 

The proof is now complete because A5 is the same as B2. 


Proof. To show that R C T, it must be shown that for allr € R, re T. Let 
r’ € R. By hypothesis, R C S, so r’ € S. Also, by hypothesis, S C T, so 
reT. a 


6.14 Analysis of Proof. Recognizing the keywords “for all” in the conclu- 
sion, you should use the choose method to choose 


Ail: A real number ¢’ > 0, 
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for which it must be shown that 
Bl: a<b-+e’. 

The inequality in B1 is established by working forward from the hypothesis: 
A: For every integer n > 0,a< b+ +. 


Recognizing the keywords “for every” in the forward process, you should now 
specialize A to one particular value of the integer n, the question being what 
value? Whatever value is used for n, the result of specialization will be 


A2: a<b+H. 


You can see that B1 will follow from A2 provided that a < é’. Solving the 
foregoing inequality for n, you want n > a. In summary, if you specialize A 
to any integer n > + (which is > 0 because e’ > 0 from A1), the result is A2. 
Statement B2 is obtained from A2 by noting that because, n > +, it follows 


€/? 
that 4 <’ and so the proof is complete. 


Proof. Let ¢ > 0. Let n be an integer with n > 5 > 0. As such + < é and 
so, from the hypothesis, a < b+ + < b+’, completing the proof. O 


6.15 Analysis of Proof. Recognizing the keywords “for all” in the conclu- 
sion, the choose method is used to choose 


Al: Real numbers az, y and z, 
for which it will be shown that 
Bl: |a—2z| < |a—y|+|y— 2]. 


The forward process is used to establish Bl. Specifically, recognizing the 
keywords “for all” in the hypothesis, specialization is used. However, to 
avoid overlapping notation, the hypothesis of this problem is rewritten us- 
ing a change in symbols, as follows: 


Al: For all real numbers a and 6, |a + b| < Ja] + |b]. 


The key is to identify appropriate values for a and b so that the result of 
specialization is B1. To that end, specializing Al with a = x—y and b= y-z 
yields 


A2: |(rx—y) +(y— 2)| =|@—- 2] <|e@—yl +ly— 4]. 
The proof is now complete because A2 is the same as B1. 


Proof. From the hypothesis, for all real numbers a and 5, |a + 6| < |a| + |)]. 
In particular, for a = x— y and b = y — z, it follows that |(a#— y) + (y—z)| = 
|jz—2z| <|a—yl+ly—2|. O 
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6.16 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a function (namely, f) is > another 
function (namely, A) on a set (namely, S)?” According to the definition, it is 
necessary to show that 


B1: For every element x € S, f(x) > h(a). 


Recognizing the keywords “for all” in the backward statement B1, the choose 
method is used to choose 


Al: An element x € S, 
for which it must be shown that 
B2: f(x) > h(a). 
Turning now to the forward process, because f > g on S, by definition, 


A2: For every element y € S, f(y) > g(y). 


(Note the use of the symbol y so as not to overlap with the symbol x in A1.) 
Likewise, because g > h on S, by definition, 


A3: For every element z € S, g(z) > A(z). 


Recognizing the keywords “for every” in the forward statements A2 and A3, 
the desired conclusion in B2 is obtained by specialization. Specifically, spe- 
cializing A2 with y = x (noting that « € S from A1) yields: 


A4: f(x) > g(a). 

Likewise, specializing A3 with z = x (noting that « € S from A1) yields: 
A5: g(x) 2 h(x). 

Combining A4 and A5, you have 
A6: f(x) = g(x) = h(2). 

The proof is now complete because A6 is the same as B2. 


Proof. Let x € S. From the hypothesis that f > g on S, it follows that 
f(x) > g(x). Likewise, because g > h on S, you have g(x) > h(a). Combining 
these two means that f(x) > g(x) > h(x) and so f >honS. O 


6.17 Analysis of Proof. Recognizing the keywords “for all” in the conclu- 
sion, the choose method is used to choose 


Al: An element x € S, 


for which it must be shown that 


B1: |a| <v. 
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A key question associated with B1 is, “How can I show that the absolute value 
of a number (namely, x) is < another number (namely, v)?” By definition of 
absolute value, you must show that 


B2: «<vand—z<v. 
Turning to the forward process, because u is an upper bound for 5S, by defi- 
nition, 

A2: For all elements y € S, y <u. 


Recognizing the keywords “for all” in the forward statement A2, you can 
specialize A2 with y = x (noting that « € S from A1) to claim that 


A3: © <u. 
Furthermore from the hypothesis that u < v, from A3, you have 
A4: xr<uc<v. 


Looking at B2 it remains to show that —x < v. To that end, working forward 
from the hypothesis that v is an upper bound for the set —S, by definition, 


A5: For all elements z € —S, z< v. 


Recognizing the keywords “for all” in the forward statement A5, you can 
specialize A5 with z = —x (noting that x € S from Al and so —x € —S) to 
claim that 


A6: —2 <v. 
The proof is now complete because A4 together with A6 yields B2. 


Proof. Let « € S. From the hypothesis that u is an upper bound for S and 
u<v, you have x <u <v. Also, because x € S, —x € —S. It then follows 
from the hypothesis that v is an upper bound for —S that —x < v. But then 
|x| < v, and so the proof is complete. O 


6.18 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a real number (namely, v) is an upper 
bound for a set of real numbers (namely, S)? Using the definition, the answer 
is to show that 


B1: For all elements xz € S, x < v. 


Recognizing the keywords “for all” in the backward statement B1, the choose 
method is used to choose 


Al: An element x € S, 


for which it must be shown that 
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B2: x<v. 


Turning to the forward process, from the hypothesis that u is an upper bound 
for S, by definition, 


A2: For all elements y € S, y < wu. 


Recognizing the keywords “for all” in the forward process, specialize A2 with 
y = «x which is in S (see Al) and so 


A3: x <u. 


The desired conclusion in B2 now follows from A3 using the hypothesis that 
u<v,sox<u<v. Thus the proof is complete. 


Proof. To show that v is an upper bound for S$, let x € S. It will be shown 
that « < v. To that end, from the hypothesis that u is an upper bound for S, 
it follows that for every element y € S, y < u. In particular, for € S, x <u. 
The proof is completed by noting from the hypothesis that u< v. O 


6.19 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a set (namely, SMT’) is convex?” One 
answer is by the definition, whereby it must be shown that 


B1: For allz,y€ SOT, and for allt withO<t<1, 
te+(1—-t)ye SNT. 


The appearance of the quantifier “for all” in the backward process suggests 
using the choose method to choose 


Al: 2’,y € SNOT, and?’ withO<?t’ <1, 
for which it must be shown that 
B2: ta’ +(1-t)y’ € SAT. 


Working forward from the hypothesis and Al, B2 will be established by show- 
ing that 


B3: t’2’ + (1—#’)y’ is in both S and T. 


Specifically, from the hypothesis that S is convex, by definition, it follows 
that 


A2: For all x,y € S, and for allO<t<1,ta#+(1l—tyes. 


Specializing A2 tox = 2’, y=y’, andt =?’ (noting from Al that 0 < t’ < 1) 
yields that 


A3: ta’ +(1-t)y' ES. 
A similar argument shows that t’x’+(1—t’)y’ € T, thus completing the proof. 
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Proof. To see that SNT is convex, let x’, y’ € SANT, and let t’ withO <t/ <1. 
It will be established that t’x’ + (1-t’)y’ € SNT. From the hypothesis that 
S is convex, one has that t/a’ + (1—t’)y’ € S. Similarly, t’x’ + (1-1t’)y! € T. 
Thus it follows that t’x’+ (1-t')y’ € SOT, and so SMT is convex. O 


6.20 Analysis of Proof. The appearance of the quantifier “for all” in the 
conclusion indicates that you should use the choose method to choose 


A1: A real number s’ > 0, 


for which it must be shown that 


Bl: The function s’f is convex. 


An associated key question is, “How can I show that a function (namely, s’ f) 
is convex?” Using the definition in Exercise 5.2(c), one answer is to show 
that 
B2: For all real numbers z and y, and for all t with 0 <t <1, 
s'f(ta + (1—t)y) < ts’ f(a) + (1 — t)s’ f(y). 
The appearance of the quantifier “for all” in the backward process suggests 
using the choose method to choose 


A2: Real numbers xz’ and y’, and 0 < t’ <1, 


for which it must be shown that 
B3: s'f(tUa' + (1-)y’) < t's’ f(a’) +1 -0)s' fly’). 


The desired result is obtained by working forward from the hypothesis that 
f is a convex function. By the definition in Exercise 5.2(c), you have that 


A3: For all real numbers x and y, and for allt withO <t<1, 
f(ta + (1—t)y) <tf(x) + (1— 4) f(y). 
Specializing the statement in A3 to « = 2’, y= y’, and t = t’ (noting that 
0<t' <1) yields 


AA: f(t'a’ + (1—t')y') < Ufa’) + - tf’). 


The desired statement B3 is obtained by multiplying both sides of the in- 
equality in A4 by the nonnegative number s’, thus completing the proof. 


Proof. Let s’ > 0. To show that s’f is convex, let x’ and y’ be real numbers, 
and let t’ with 0 < ¢/ < 1. It will be shown that s’f(t/7’ + (1 —t’)y’) < 
t's! f(a!) + (1-t)s' f(y). 

Because f is a convex function by hypothesis, it follows from the definition 
that f(a’ +(1-1t’/)y’) < Uf(2’) + -0) f(y’). The desired result is obtained 
by multiplying both sides of this inequality by the nonnegative number s’. 0 
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6.21 Analysis of Proof. Recognizing the keywords “for all” in the conclu- 
sion, the choose method is used to choose 


A1: A real number z, 


for which it must be shown that 


Bl: f(x) < g(a*). 


Turning to the forward process, from the hypothesis that g > f on the set 
of real numbers, by definition, 


A2: For all real numbers y, g(y) > f(y). 


Recognizing the keywords “for all” in the forward process, specialize A2 to 
the real number y = x chosen in Al. The result is 


AB: f(x) < 9(2). 
Also, from the hypothesis that «* is a maximizer of g, by definition, 
A4: For all real numbers y, g(y) < g(x*). 


Recognizing the keywords “for all” in the forward process, specialize A4 to 
the real number y = x chosen in Al. The result is 


A5: g(x) < g(2*). 


The desired result in B1 follows from A3 and A5 because f(x) < g(a) < g(a*), 
thus completing the proof. 


Proof. To reach the conclusion, let x be a real number, for which it will be 
shown that f(a”) < g(a*). To that end, the hypothesis that g > f means 
that for every real number y, f(y) < g(y). In particular, f(a) < g(x). Also, 
because x* is a maximizer of g, it follows that g(x) < g(a*). You now have 
that f(x) < g(x) < g(x*), and so the proof is complete. O 


6.22 Analysis of Proof. To reach the conclusion that 


B: a <0, 


work forward from the hypothesis that «* = —b/(2a) is a maximizer of ax? + 
bx +c, which, by definition, means that 


A1: For all real numbers x, ax? + br + ¢ < a(x*)? + ba* +c. 


Recognizing the keywords “for all” in the forward statement A1, specialization 
is used. Specifically, as suggested in the hint, choose any value of «€ > 0 and 
then specialize Al with x = x* +.€ > 0 to obtain 


A2: a(x* + €)? + b(a* + €) +e < a(x*)? + br* +0. 
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Expanding the left side and subtracting a(x*)?+bx* +c from both sides yields 
A3: 2ax*e + ae? + be <0. 

Dividing A3 through by e > 0 results in 
A4: 2ax* +ae+b< 0. 

Substituting «* = —b/(2a) in A4 and dividing both sides by € > 0 results in 
A5: a <0. 


The proof is complete on noting that a 4 0 is given and so it must be that 
a <0, which is precisely B1. 


Proof. From the hypothesis that x* is a maximizer of ax? + bx +c, it follows 
that for all real numbers 2, ax? + br +c < a(a*)? + br* +c. In particular, for 
x = x* + € (where € is any chosen positive number), you have that 


a(z* +6)? +0(2* +6) +¢< a(z*)? + br* +. 


Expanding the left side of the foregoing inequality, canceling common terms, 
and then dividing through by € > 0, yields 


2ax* +ae+b<0. 


Substituting «* = —b/(2a) from the hypothesis and dividing by « > 0, it 
follows that a < 0. The proof is complete on noting that a 4 0 and so it must 
be thata <0. D 


6.23 Analysis of Proof. The author has used the forward-backward method 
to ask the key question, “How can I show that a function (namely, g) is greater 
than or equal to another function (namely, f) on a set (namely, R)?” The 
definition provides the answer that it is necessary to show that 


B1: For every element r € R, g(r) > f(r). 


Recognizing the quantifier “for every” in Bl, the author uses the choose 
method to choose 


Al: An element x € R, 
for which it must be shown that 
B2: g(x) = f(z). 


To reach B2, the author turns to the forward process and works forward from 
the hypothesis that R is a subset of S by definition to claim that 


A2: For every element re R,r eS. 


Recognizing the quantifier “for every” in A2, the author specializes A2 to the 
element r = x € R chosen in Al. The result of this specialization is 
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A3: ceS. 
Then the author works forward from the hypothesis that g > f on S, which, 
by definition, means that 

A4: For every element s € S, g(s) > f(s). 
Recognizing the quantifier “for every” in A4, the author specializes A4 to the 
element s = x € S (see A3). The result of this specialization is 

A5: g(x) > f(x). 
The proof is now complete because A5 is the same as B2. 0 
6.24 Analysis of Proof. The author has asked the key question, “How can 


I show that a function (namely, f + g) is convex?” Using the definition, it 
must be shown that 


B1: For all real numbers z, y, and ¢t withO<t<1, 
f(ta + (1 — thy) + gta + (1 —t)y) < tf (x) + g(@)] + 
(1— t)[f(y) + 9(y)]- 


Recognizing the keywords “for all” in the backward statement B1, the choose 
method is used to choose 
Al: Real numbers z, y, and t withO<t<1, 


for which it must be shown that 


B2: f(te+(1—t)y) + g(te + (1-t)y) < 
tf(a) + g(@)| + 1 — tf) + 9)I- 


The author then works forward from the hypothesis that f is convex which, 
by definition, means that 


A2: For all real numbers 2’, y’, and t’ with 0 < t’ < 1, 
fla’ + (1—-t)y’) <Uf(@') + (1 -¢) fy’). 

Recognizing the keywords “for all” in the forward statement A2, the author 
applies specialization with 2’ = x, y’ = y, and t’ = t (noting, from Al, that 
0<t< 1), resulting in 

A3: f(tx + (1—t)y) < tf(x) + (1— tf). 
The author then applies the same reasoning to the hypothesis that g is convex 
to conclude that 

AA: g(tx + (1—t)y) < tg(x) + (1 — t)g(y). 


The desired result in B2 is then obtained by adding the two inequalities in 
A3 and A4, thus completing the proof. 
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6.25 Analysis of Proof. Recognizing the keywords “for all” in the conclu- 
sion B1, the author uses the choose method to choose 


Al: Real numbers £1, ®2, 73, a1, @2,a3 > 0 with a;+a2+a3 = 1, 
for which it must be shown that 
Bl: f(aia1 + agxvq +0323) < ai f(a1) + ao f(x2) + a3 f (x3). 
The author notes that there are two possible values for a3, namely, a3 = 1 


and a3 # 1 and proves that B1 is true in each of these case, as follows. 


Case 1: a3 = 1. In this case, because a; and az > 0 and a, + a2 + a3 = 1, it 
must be that 


A2: a, =a. =0. 
But then B1 is true because 
A3: f(aiz1 + ao%q + aga3) = f(as) < f(as) = arf(ai) + 
a2f (x2) + a3 f (x3). 
Case 2: a3 # 1. In this case, the author observes that 
A4: 1—a3 > 0. 


Note that A4 is true because a, + a2 + a3 = 1 and aj, a2 > 0. 
The author now works forward from the hypothesis that f is a convex 
function, which, by definition, means that 


A5: For all real numbers 2, y, and t withO <t< 1, 
f(ta + (1—t)y) < tf(x) + (1— t) f(y). 
Recognizing the keywords “for all” in the forward process, the author special- 
izes A5 with t = 1— a3 > 0 (see A4), © = 74721 + 74522 and y = 23. The 
result of this second specialization is 


A6: f(te+(1—-t)y) =f (a — a3) (45 a err 2) + a3r3) 
S (l= aa)f (on a 222) + a3 f (x3). 


The author then specializes A5 again, but this time with « = x, y = 2, 
and t = —*_. To apply specialization, the author notes that t > 0 (because 


1-a3° 
a, > Oand ie a3 > 0 from A4) and also that t < 1. The latter is true because 
a, +a. +a3 =land1l—t=1—-— 4 = 4&4 —= _®_ and ay > 0 and 


l-a 1l-—ag 1-—az 


1— a3 > 0 (see A4). The result of this specialization is 


AT: f (tiger + ppm) < pale) + pe fle), 


On multiplying A7 through by 1 — a3 > 0 and combining the result with A6 
you obtain B1, and so the proof is complete. 


7.1 


Solutions to Exercises 


. For the quantifier “there is”: 


Object: real number y. 

Certain property: none. 

Something happens: for every real number z, f(x) < y. 
For the quantifier “for every” : 

Object: real number z. 

Certain property: none. 

Something happens: f(a) < y. 


. For the quantifier “there is”: 


Object: real number M. 

Certain property: M > 0. 

Something happens: V element x € S, |a| < M. 
For the quantifier “for all”: 

Object: element x. 

Certain property: res. 

Something happens: |x| < M. 


. For the first quantifier “for all”: 


Object: real number e. 

Certain property: €> 0. 

Something happens: there is a real number 6 > 0 such that, for all 
real numbers y with |xz— y| < 6, 


If(@) — fl <e. 
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7.2 


7.3 


7.4 
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For the quantifier “there is”: 
Object: real number 0. 
Certain property: 06> 0. 
Something happens: for all real numbers y with |x — y| < 6, 
If(z) — fl <e 
For the second quantifier “for all”: 
Object: real number y. 
Certain property:  |r—y| <6. 
Something happens: | f(x) — f(y)| <. 


. For the first quantifier “for all”: 


Object: real number e. 
Certain property: €>0. 
Something happens: J an integer 7 > 1 5 V integer k with k > J, 


|v, — a] <e. 
For the quantifier “there is”: 
Object: integer 7. 


Certain property: j2>1. 

Something happens: V integer k with k > 7, |v, — 2] <e. 
For the second quantifier “for all”: 

Object: integer k. 

Certain property: k> 9. 

Something happens: |x, — 2| < €. 


. Aset of real numbers S has the property that, for every element x € S, 


there is an element y € S such that y > a. 


. A function f of a single variable has the property that there is a real 


number y such that for every real number 2, | f(x)| < y. 


. Both S1 and $2 are true. This is because, when you apply the choose 


method to each statement, in either case you will choose real numbers 
z and y with 0 < «<1 and0< y < 2 for which you can then show 
that 22? + y? < 6. 


. $1 and $2 are different—S1 is true and $2 is false. You can use the 


choose method to show that $1 is true. To see that $2 is false, consider 
y = 1 and x =2. For these real numbers, 2x? + y? = 2(4)+1=9> 6. 


. These two statements are the same when the properties P and Q do 


not depend on the objects X and Y. This is the case in part (a) but 
not in part (b). 


. $1 and $2 are both true. This is because you can construct values for 


x and y, say x = 2 and y = 1, that make both S1 and S2 true. 


7.9 


7.6 
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. Sl and $2 are different—S1 is false and S2 is true. In particular, $1 


is false because there are no values of O< a <1land0<y < 2a such 
that 227 + y? > 6. This is because when 0 < « <1 and0<y < 2, 
2x7 +y? <6. In contrast, $2 is true because you can construct values 
for x and y, say x = 2 and y = 1, that make S2 true. 


. These two statements are the same when the properties P and Q do 


not depend on the objects X and Y, as in part (a) but not part (b). 


. Recognizing the keywords “for all” as the first quantifier from the left, 


the first step in the backward process is to choose an object X with 
a certain property P, for which it must be shown that there is an 
object Y with property Q such that something happens. Recognizing 
the keywords “there is,” one then needs to construct an object Y with 
property Q such that something happens. 


. Recognizing the keywords “there is” as the first quantifier from the 


left, the first step in the backward process is to construct an object 
X with property P. After constructing X, the choose method is used 
to show that, for the object X you constructed, it is true that for all 
objects Y with property Q that something happens. Recognizing the 
keywords “for all,” you would choose an object Y with property Q 
and show that something happens. 


. Recognizing the keywords “for all” as the first quantifier from the left, 


you should apply specialization to a particular object, say X = Z. To 
do so, you need to be sure that Z satisfies the property P. If so, then 
you can conclude, as a new statement in the forward process, that 


Al: There is an object Y with the certain property Q such that 
something happens. 


You can work forward from the object Y and its certain property Q. 


. You know that there is an object X such that 


A1: For every object Y with the certain property Q, something 
happens. 


Recognizing the keywords “for all” in the forward statement Al, you 
should apply specialization to a particular object, say Y = Z. To do 
so, you need to be sure that Z satisfies the property Q. If so, then you 
can conclude, as a new statement in the forward process, that 


A2: The something happens for Z. 
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7.7 a. The construction method is used first to construct a real number 


7.8 


M > 0. The choose method is used next to show that, for the value 
of M you constructed, it is true that for all elements x € T, |a| < M. 
In so doing, you would choose an element « € T, for which you must 
then show that |x| <M. 

. The choose method is used first to choose a real number M > 0, for 
which it must be shown that there is an element x € T such that 
|x| > M. To show this, the construction method is used next whereby 
you must construct an element x € T and then show that this element 
x satisfies |z| > M. 


. The choose method is used first to choose a real number ¢€ > 0 for 


which it must be shown that there is a real number 6 > 0 such that 
for all real numbers x and y with |x—y| < 6, |f(x)—f(y)| < «. To show 
this, the construction method is used next to construct a real number 
6 > 0. You must then show that this value of 6 satisfies the property 
that for all real numbers x and y with |x — y| < 6, |f(x) — f(y)| <«. 
To do this, use the choose method next to choose real numbers x and 
y with |x — y| < 6, for which you must show that | f(x) — f(y)| <e. 


. You know that there is an object M such that 


Al: For every element x in the set T, |z| < M. 


Recognizing the keywords “for every” in the forward statement A1, 
you should apply specialization to a particular element, say x’. To do 
so, you need to be sure that the element z’ is in T. If so, then you can 
conclude, as a new statement in the forward process, that 


A2: |a’| < M. 


. Recognizing the keywords “for all” as the first quantifier from the left, 
you should apply specialization to some real number, say M’. To do 
so, you need to be sure that M’ > 0. Then you can conclude, as a 
new statement in the forward process, that 


Al: There is an element x € T such that |z| > M’. 


You can now work forward from the fact that this element x € T 
satisfies |a| > M’. 


. Recognizing the keywords “for all” as the first quantifier from the left, 


you should apply specialization to some real number, say ¢’. To do 
so, you need to be sure that «’ > 0. Then you can conclude, as a new 
statement in the forward process, that there is a real number 6’ > 0 
such that 


Al: V real numbers z and y with |r—y| < 6’, |f(x)—f(y)| < €. 


7.9 
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Recognizing the keywords “for all” in the forward statement Al, you 
should specialize this statement to two real numbers, say x’ and y/’. 
To do so, you need to be sure that |a’ — y'| < 6’. You can then 
conclude, as a new statement in the forward process, that 


A2: f(a’) — fly) <¢ 


. A key question is, “How can I show that a set (namely S) is bounded?” 


By definition, the answer is to show that 


B1: There is a real number M > 0 such that for every element 
séS,|s| <M. 


Recognizing the keywords “there is” in the backward statement B1, 
you should use the construction method to produce a real number 
M > 0 for which you must then show that 


B2: For every element s € S,|s| < M. 


Recognizing the keywords “for every” in the backward statement B2, 
you should then use the choose method to choose 


Al: An element s € S, 
for which you must show that 


B3: |s| < M. 


. A key question is, “How can I show that a function (namely f(g(x))) 


is onto?” By definition, you must show that 


B1: For every real number y, there is a real number x such that 
f(g(a)) = y- 
Recognizing the keywords “for every” in the backward statement B1, 
you should now use the choose method to choose 


Al: A real number y, 


for which you must show that 


B2: There is a real number x such that f(g(x)) = y. 


Recognizing the keywords “there is” in the backward statement B2, 
you should now use the construction method to produce a real number 
x for which you must then show that f(g(x)) = y. 
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. A key question is, “How can I show that a function (namely f) is 


bounded above?” By definition, you must show that 


B1: There is a real number y such that for every real number 
a, f(r) < y. 


Recognizing the keywords “there is” in the backward statement B1, 
you should now use the construction method to produce a real number 
y for which you must then show that 


B2: For every real number «, f(x) < y. 


Recognizing the keywords “for every” in the backward statement B2, 
you should now use the choose method to choose 


A1: A real number z, 


for which you must show that 


B3: f(x) <y. 
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7.10 a. By definition of a bounded set, for the set J’ you know that 


Al: There is areal number M’ > 0 such that for every element 
te T, |t| <M’. 


From Al, you know that M’ > 0 satisfies 


A2: For every element t € T, |t| <M’. 


Recognizing the keywords “for every” in the forward statement A2, you 
should now use specialization. To do so, find one particular element, 
say x, for which you must verify that « € T. On doing so you can 
conclude, as a new statement in the forward process, that 


A3: |a| <M’. 
b. By definition of onto, for the function f you know that 


Al: For every real number y, there is a real number « such that 
f(@)=y. 
Recognizing the keywords “for every” in the forward statement Al, 
you should now use the specialization. To do so, find one particular 
real number, say y’. On doing so you can conclude, as a new statement 
in the forward process, that 


A2: There is a real number x such that f(x) = y. 


Recognizing the keywords “there is” in the forward statement A2, you 
can now work forward from the fact that f(x) = y. (Fro the hypothesis 
that g is onto, you can work forward by definition to obtain the same 
foregoing statements Al and A2 for the function g.) 


c. By definition of a function bounded above, for the function g you know 
that 
Al: There is a real number y’ such that for every real number 
t, g(t) <y. 
Recognizing the keywords “there is” in the forward statement A1, you 
know that the real number y’ satisfies the property that 


A2: For every real number z, g(x) < y’. 


Recognizing the keywords “for every” in the forward statement A2, 
you should now use the specialization. To do so, find one particular 
real number, say x’. On doing so you can conclude, as a new statement 
in the forward process, that 


A3: g(a’) <y’. 
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7.11 Analysis of Proof. Recognizing the keywords “for every” in the con- 
clusion, you should use the choose method to choose 


Al: Real numbers ¢€ > 0 anda > 0, 


for which you must show that 


B1: There is an integer n > 0 such that £ < e. 


Recognizing the keywords “there is” in the backward statement B1, you should 
now use the construction method to produce an integer n > 0 for which you 
must then show that 


B2: F<. 


To construct this integer n, work backward from the fact that you want £ < e. 
Multiplying both sides of B2 by n > 0 and then dividing both sides by € > 0 
(see Al), you can see that you need 4 <n. In other words, constructing n to 
be any integer > £ > 0, it follows that B2 is true and so the proof is complete. 


Proof. Choose a real number € > 0. Now let n be a positive integer for which 
n> <. It then follows that ¢ < € and so the proof is complete. O 


7.12 a. Recognizing the keywords “for all” as the first quantifier from the left, 
the author uses the choose method (as indicated by the words, “Let 
x and y be real numbers with x < y.”). Accordingly, the author must 
now show that 


B1: There is a rational number r such that 7 <r < y. 


b. The author is using previous knowledge of the statement in Exercise 
7.11. Specifically, recognizing the keywords “for all” in the forward 
process, the author is specializing that statement to the particular 
valuee = y—x >0 anda=2>0. The result of that specialization is 
that there is an integer n > 0 such that 2 <e, that is, ne > 2, as the 
author states in the second sentence of the proof. 

c. The construction method is used because the author recognized the 
keywords “there is” in the backward statement B1 in the answer to 
part (a). Specifically, the author constructs the rational number r = © 
and claims that this value satisfies the property that « <r < yin Bl. 

d. The author is justified in claiming that the proof is complete because 
the author has constructed the rational number r = and, because 
n is a positive integer [see the answer to part (b)] and nz < m< ny, 
it follows that « < “ =r <y. This means that r satisfies the certain 
property in B1 and so the proof is complete. 


SOLUTIONS TO EXERCISES IN CHAPTER 7 71 


7.13 a. Recognizing that the first quantifier from the left in the conclusion is 
“for all,” the author uses the choose method to choose a prime number 
n, for which it must be shown that 


B1: There is a prime number p such that p> n. 


The author then recognizes the quantifier “there is” in the backward 
statement B1 and so constructs p as any prime number that divides 
n!+1. From B1, it remains to show that 


B2: p> n. 


b. Recognizing the keyword “every,” you can use the choose method to 
choose an integer k with the property that 2 < k < n, for which it 
must be shown that k|n!. An associated key question is, “How can 
I show that an integer (namely, &) divides another integer (namely, 
n!)?” Using the definition leads you to show that there is an integer 
a such that n! = ak. To construct this integer a, note that, by defi- 
nition, n! = 1*2x*---*kx*---*n and so it is not hard to verify that 
a= 1*2«---*(k—1)*(k+1)*---«*n is the desired integer for which 
n! = ak. 

c. From part (b), k|n! but k does not divide 1 because k > 1. So lth = 
a + i is an integer plus some number less than 1 and so not an integer 
p>. 

d. The author is specializing the following statement in the previous sen- 
tence: 


A1: For every integer k with 2 < k < n, k does not divide 
ni +1. 


If, in fact, 2 < p <n, then it would be possible to specialize Al to 
k = p and conclude that 


A2: p does not divide n! + 1. 
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7.14 a. The author uses the choose method in the first sentence. This is be- 


cause the author first uses the forward-backward method and asks the 
key question, “How can I show that a function (namely, f) is convex?” 
Using the definition, the answer is to show that 


B1: For all real numbers xz, y and t withO <t< 1, 
f(ta + (1 —t)y) < tf(x) + (1 — t) f(y). 
Recognizing the quantifier “for all” in the backward statement B1, the 


author now uses the choose method (as indicated in the first sentence 
of the proof) to choose 


Al: Real numbers xz, y and t withO <t< 1, 


for which it must be shown that 


B1: f(t +(1—t)y) <tf(x) + (1-8) f(y). 


b. The author is defining the variable z to simplify the notation. 
. The author is specializing the hypothesis that the real number m 


satisfies the property that for all real numbers x and y, f(y) > 
f(a) + m(y — x) two separate times. Specializing this for-all state- 
ment with y = x and x = z results in 


A2: f(x) > f(z) +m(a — z) [which is inequality (a)]. 


Likewise, specializing the for-all statement with y = y and « = z 
results in 


A3: f(y) > f(z) + my — z) [which is inequality (b)]. 


. The fact that 0 < t < 1 is used in the fourth sentence when inequalities 


(a) and (b) are multiplied by ¢ and 1—t, respectively, without changing 
the direction of the inequality. 


. Tosee f(z) +m(ta+(1—t)y—z) = f(z) note that, from the definition 


of z, ta +(1—t)y—z=ta+(1—t)y—(ta+(1—-t)y) =0. Therefore, 
f(z) + mtx + (1—8y —2) = fle) £0 = Fle). 

Recognizing that z = ta + (1 — t)y, the inequality in (c) becomes 
precisely B1 [see the answer to part (a)] and so f is convex and the 
author is justified in claiming that the proof is complete. 


7.15 In the last sentence, the author incorrectly assumes that « > 0, which 
is what the author needs to show, along with z(az + b— m) > 0. From 
what the author has written, you can see that if x > mob and x > 0, then 
x(ax + b—m) > 0. Thus, you should construct x as a real number such that 
xr> wat and « > 0 [for example, x = max { 72, O}). 
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7.16 The error occurs when the author claims in the last sentence that v — € 
is an upper bound for the set S. This is because, by definition, the author 
must show that 


B1: For every element z € S, x7 <vu—-e. 


Recognizing the keywords “for every” in the backward statement B1, the 
author (correctly) uses the choose method to choose 


Al: An element x € S, 
for which it must be shown that 
B2: r<v-e. 


Unfortunately, the author shows, in the next-to-last sentence of the proof, 
that 7 —¢ < v—e (instead of showing that x < v—€) and so the proof is not 
correct. 


7.17 Analysis of Proof. The keywords “for every” in the conclusion suggest 
using the choose method to choose 


Al: A real number 2’ > 2, 


for which it must be shown that 


B1: There is a real number y < 0 such that 2’ = 2y/(1 + y). 


The keywords “there is” in Bl suggest using the construction method to 
construct the desired y. Working backward form the fact that y must satisfy 
x’ = 2y/(1+4+ y), it follows that y must be constructed so that 


B2: 2x’ + 2'y = 2y, or 
B3: y(2—2') =2’', or 
Ba: y=2'/(2-2’). 


To see that the value of y in B4 is correct, it is easily seen that 2’ = 2y/(1+y). 
However, it must also be shown that y < 0, which it is, because x’ > 2. 


Proof. Let x’ > 2 and construct y = «’/(2— 2’). Because x’ > 2, y < 0. It 
is also easy to verify that v’ = 2y/(1+y). O 


7.18 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a function (namely, f o g) is onto?” By 
definition, it must be shown that 


B1: For every real number y, there is a real number x such that 
(f og)(x) = y, that is, f(g(x)) = y. 


Recognizing “for every” as the first keywords from the left in the backward 
statement B1, the choose method is used to choose 
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Al: A real number y, 


for which it must be shown that 


B2: There is a real number zx such that f(g(x)) = y. 


Recognizing the keywords “there is” in the backward statement B2, the con- 
struction method is used to produce the desired value for «x. 

Turning to the forward process, from the hypothesis that f is onto, by 
definition, you have that 


A2: For every real number v, there is a real number u such that 
f(u) =o. 
Recognizing the keywords “for every” in the forward statement A2, you can 
specialize A2 with v = y from Al to conclude that 


A3: There is a real number u such that f(u) = y. 
Now, from the hypothesis that g is onto, by definition, you have that 


A4: For every real number 0, there is a real number a such that 
g(a) = b. 
Recognizing the keywords “for every” in the forward statement A4, you can 
specialize A4 with b = u from A3 to conclude that 


A5: There is a real number a such that g(a) = u. 


You can now construct x = a from A5. This value is correct because, from 
A5 and A3, it follows that 


This establishes B2, thus completing the proof. 


Proof. To see that fog is onto, let y be a real number. It will be shown 
that there is a real number x such that f(g(a)) = y. To that end, from 
the hypothesis that f is onto, there is a real number u such that f(u) = y. 
Similarly, because g is onto, there is a real number a such that g(a) = u. It 
then follows that for x = a, 


The proof is now complete. O 


7.19 Analysis of Proof. Recognizing the keywords “for every” as the first 
quantifier from the left in the conclusion, the choose method is used to choose 


Ail: A real number ¢ > 0, 


for which it must be shown that 
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B1: There is an element x € S such that x? > 2-—. 


Recognizing the keywords “there is” in B1, the construction method is used 
to produce the desired value of x, which depends on whether 2 > € or 2 < e«. 


Case 1: 2 >. In this case, 2 — € > 0, so you can construct the real number 
x as any value satisfying 


A2: (2—-€<2< v2. 


To see that this value for x satisfies the properties in B1, you must show that 


B2: «€ S and x? >2-e. 


Now x > 0 from A2 because /2—€ > 0. Also, from A2, x? < 2. Thus 2 € S 
because « satisfies the defining property of S. Finally, squaring both sides of 
the first inequality in A2 yields that 2—«€ < x”. Thus B2 is true, completing 
this case. 


Case 2: 2 <. In this case, you can construct x as any value satisfying 


A3: ceES. 


To see that this value for x satisfies the properties in B1, you must show that 


B3: «€ S and x? >2-e. 


Now z € S from A3. Also, 2? > 2—€ because x? > 0 and 0 > 2—e. Thus, 
B3 is true, completing this case and the proof. 


Proof. Let « > 0 be a real number. It will be shown that there is a real 
number xz € S such that «? > 2—. In the event that 2 > €, construct x as 
any value for which 


(2=e<ee/2. 


It is easy to see that x € S because x > /2—€ > 0 and also 2? < 2. 
Furthermore, because ./2 — € < 2, it follows that 2—€ < x?. 

Alternatively, if 2 < €, then any x € S satisfies the property that x? > 2—e 
because x? > 0 and 0 > 2—e. The proof is now complete. O 


7.20 Analysis of Proof. The forward-backward method gives rise to the 
key question, “How can I show that a function (namely, f) is bounded above?” 
One answer is by the definition, whereby one must show that 


B1: There is a real number y such that for every real number 
xg, —@2+2x <y. 


The appearance of the quantifier “there is” in the backward statement B1 
suggests using the construction method to produce the desired value for y. 
Trial and error might lead you to construct y = 1 (any value of y > 1 will also 
work). Now it must be shown that this value of y = 1 is correct, that is: 
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B2: For every real number 2, —x? + 2x <1. 


The appearance of the quantifier “for all” in the backward statement B2 
suggests using the choose method to choose 


Ai: A real number z, 


for which it must be shown that 


B3: —2? + 2x < 1, that is, 2? -—27+1> 0. 


But because x2? — 22 + 1 = (x — 1)?, this number is always > 0. Thus B3 is 
true, completing the proof. 


Proof. To see that the function f(a) = —ax? + 2z is bounded above, it will be 
shown that for all real numbers x, —x? + 2a < 1. To that end, let 2 be any 
real number. Then x? — 22 + 1 = (x — 1)? > 0, thus completing the proof. 0 


7.21 Analysis of Proof. The keywords “there are” in the conclusion suggest 
using the construction method to construct 


B1: Real numbers a and 6 such that for every (2,y) € S, 
y < ax +b and for every (a, y) € T, y> ax+b. 


To construct the values of a and b, observe that S is the circle of radius 1 
centered at the origin and T is the circle of radius 1 centered at the point 
(3,4). As shown in the following figure, any line y = az + b for which S is on 
one side and T is on the other provides the desired values for a and 6. 


For example, construct 
Al: a=-—1 and b=2. 
To see that these values are correct, from B1, it must be shown that 


B2: For every (x,y) € S, y < —a +2 and for every (x,y) € T, 
yo —-a+2. 


Recognizing the first keywords “for every” in the backward statement B2, the 
choose method is used to choose 
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A2: (x,y) €S, 

for which it must be shown that 
B3: y < -—a+ 2, that is,v+y <2. 

Working forward from A2, from the definition of $, you have 
A3: a? +y? <1,sox<landy <1, and thusr+y <2. 


Turning now to the second keywords “for every” in B2, the choose method is 
used to choose 


A4: (x,y) ET, 
for which it must be shown that 
B4: y > —-a2+ 2, that is,x+y> 2. 
Working forward from A4, from the definition of T, you have 


A5: (x — 3)? + (y—4)? < 1, so x > 2 and y > 3, and thus 
r+y>5>2. 


A5 establishes B2, and so the proof is complete. 


Proof. The desired values are a = —1 and b = 2. To see that these values are 
correct, first let (x,y) € S. It then follows from the definition of S that « <1 
and y <1,so x+y < 2, that is, y < —a +2. Likewise, let (x,y) € T. It then 
follows from the definition of T that « > 2 and y > 3,sox+y>5> 2, that 
is, y > —a + 2. It has now been shown that, for every (x,y) € S, y < —a +2 
and for every (x,y) € T, y > —x +2 and so the proof is complete. O 


7.22 Analysis of Proof. The first keywords in the conclusion from the left 
are “for every,” so the choose method is used to choose 


Ail: A real number e€ > 0, 


for which it must be shown that 


B1: There is an element x € S such that 7 > 1 —e. 
Recognizing the keywords “there is” in the backward statement B1, the con- 
struction method is used to produce the desired element in S. To that end, 
from the hint, you can write S as follows: 


S = {real numbers z : there is an integer n > 2 with « =1-—1/n}. 


Thus, you can construct « = 1—1/n, for an appropriate choice of the integer 
n > 2. To find the value for n, from B1, you want 


xw=1-1/n>1-e, thatis, 1l/n<e, thatis, n>1/e. 
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In summary, noting that « > 0 from Al, if you let n > 2 be any integer 
> 1/e, then 2 = 1—1/n € S satisfies the desired property in B1, namely, that 
x =1-1/n>1-e. The proof is now complete. 


Proof. Let « > 0. To see that there is an element x € S such that x > 1 —-e, 
let n > 2 be an integer for which n > 1/e. It then follows from the defining 
property that « = 1—1/n € S, and, by the choice of n, that 2 = 1—1/n > 1—e. 
It has thus been shown that, for every real number ¢€ > 0, there is an element 
xz € § such that x > 1 —e, thus completing the proof. O 


7.23 Analysis of Proof. The author is working forward by definition from 
the hypothesis that f and g are linear functions to state that 


Al: There are real numbers m1, ™z2, 61, b2 such that for every 
real number 2, f(x) =m ,x +4 by and g(x) = mex + bo. 


Working backward from the conclusion, an appropriate key question is, “How 
can I show that a function (namely, f + g) is linear?” Using the definition, 
the answer is to show that 


B1: There are real numbers m and 6 such that, for all real 
numbers 2, (f + g)(x) = ma + b. 


Recognizing the quantifier “there is” as the first keywords in the backward 
statement Bl, the construction method is used to produce the desired real 
numbers m and b. Indeed, the author constructs 


A2: m=m,+ Mz and b = b; + bo. 
To see that this construction is correct, it must be shown that 

B2: For all real numbers x, (f + g)(a) = ma +b. 
Recognizing the keywords “for all” in the backward statement B2, the choose 
method is used to choose 

A3: A real number z, 


for which it must be shown that 


B3: (f+ 9)(«) =ma +b. 


The result in B3 is obtained by working forward from the for-all statement 
in Al and using A2, as follows: 


(f+g9)(t) = f(x) +9(@) 

(mx + bi) + (max + bz) 
= (my + mg)x + (by + bz) 
ma + b 


definition of (f + g)(x)) 
specializing Al) 
algebra) 

from A2) 


l| 


I 


~~ a 


The proof is now complete because B3 is true. 


8.1 


8.2 


8.3 


Solutions to Exercises 


. The real number x* is not a maximum of the function f means that 


there is a real number x such that f(x) > f(x*). 


. Suppose that f and g are functions of one variable. Then g is not 


> f on the set S of real numbers means that there exists an element 
x €S such that g(x) < f(z). 


. The real number u is not an upper bound for a set S' of real numbers 


means that there exists an element x € S such that x > wu. 


. The function f is not strictly increasing means that there exist real 


numbers x and y with x < y and f(x) > f(y). 


. The set C of real numbers is not a convex set means that there exist 


elements x,y € C and there exists a real number t withO <t <1 
such that te + (1—t)y ¢C. 


. The function f of one real variable is not convex means that there 


exist real numbers x and y and t with 0 < t < 1 such that 


f(ta + (1 —t)y) > thw) + (1 — HF(y). 


. A positive integer p > 1 is not prime if and only if there is an 


integer n with 2 <n < p such that n divides p. 


. A sequence £1, 2%2,..., of real numbers is not increasing if and only 


if there is an integer k > 1 such that xp > p41. 


. Asequence £1, 2%2,..., of real numbers is not decreasing if and only 


if there is an integer k > 1 such that xp < p41. 
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8.4 


8.5 


8.6 


8.7 
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. A sequence 21, 2%2,..., of real numbers is not strictly monotone 


if and only if the sequence is neither increasing nor decreasing, that 
is, if there is an integer & > 1 such that x, > x41 and there is an 
integer 7 > 1 such that 7; < 741. 

An integer d is not the greatest common divisor of the integers 
a and b if and only if, either (i) the remainder on dividing a or b by 
d is positive or (ii) there is an integer c for which cla and c|b such 
that the remainder on dividing d by c is positive. 

The real number f’(Z) is not the derivative of the function f 
at the point 7 if and only if d a real number ¢€ > 0 such that V real 
number 6 > 0, J a real number x with 0 < |a — Z| < 6 such that 
LL — pa) de. 


a. There does not exist an element x € S such that « ¢ T. 

b. It is not true that, for every angle t between 0 and 7/2, sin(t) > cos(t) 
or sin(t) < cos(t). 

c. There does not exist an object with the certain property such that 
the something does not happen. 

d. It is not true that, for every object with the certain property, the 

something does not happen. 

. For every real number x, « > a~* or x <a”. 

B. 

B is true and C is false (this is when “B implies C” is false). 

. There is a real number € > 0 such that V elements x € S, 7 <u-—e. 


ao of 


a. Work forward from NOT B. 
Work backward from (NOT C’) OR (NOT D). 
b. Work forward from NOT B. 
Work backward from (NOT C') AND (NOT D). 
c. Work forward from (NOT C) OR (NOT D). 
Work backward from NOT A. 
d. Work forward from (NOT C) AND (NOT D). 
Work backward from NOT A. 


a. Work forward from integer k divides integer n+ 1. 
Work backward from k does not divide n. 

b. Work forward from (mn is not divisible by 4) AND (n is 
divisible by 4). 
Work backward from (n is an odd integer) OR (m is an 
even integer). 

c. Work forward from n is an odd integer or m is an even integer. 
Work backward from (mn is not divisible by 4) AN D (n is divisible 
by 4). 
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. NOT B implies NOT A is: If there exists a real number M such 


that, for every real number 2, ax? + ba +c < M, then a < 0. From 
the hypothesis, you know that there is a real number M such that 


Al: For every real number x, ax? +br+c< M. 


Recognizing the keywords “for every” in the forward process, you 
should specialize Al to one particular value of the real number z. 


. NOT B implies NOT A is: If a > 0, then, for every real number M, 


there is a real number x such that ax? + br +c > M. Recognizing 
the keywords “for every” as the first quantifier from the left in the 
backward process, you should use the choose method to choose 


Al: A real number M, 
for which you must show that 


B1: There is a real number x such that az? ++ba+c>M. 


Recognizing the keywords “there is” in the backward statement B1, 
you should now use the construction method to produce a real num- 
ber « for which az? + br +c> M. 


. NOT B implies NOT A is: If p is not prime, then there is an integer 


m with 1 <m < \/psuch that m|p. Recognizing the keywords “there 
is” in the backward process, you should use the construction method 
to produce an integer m with 1 <m < \/p such that m|p. 


. NOT B implies NOT A is: If for every number xz, « 4 a~*, then 


a <0. Recognizing the keywords “for every” in the forward process, 
you should specialize the hypothesis to one particular value of the 
real number z. 


e. NOT Bimplies NOT A is: If n = m!, then, for every integer k with 


1<k< m, k divides n. Recognizing the keywords “for every” in 
the backward process, you should use the choose method to choose 


Al: An integer k with 1 <k<™m, 


for which you must show that 
B1: k divides n. 


NOT B implies NOT A is: If there is a real number N > 0 such 
that, for every element y € T, |y| < N, then there is a real number 
M > 0 such that for every element x € S, |z| <M. Recognizing the 
keywords “there is” as the first quantifier from the left in the back- 
ward process, you should use the construction method to produce a 
real number M > 0, for which you will then have to show that 


B1: For every element x € S, |a| << M. 
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8.9 a. 


8.10 a. 


Recognizing the keywords “for every” in the backward statement B1, 
you should then use the choose method to choose 


Al: An element x € S, 
for which you must then show that 
B2: |a| < M. 


Also, from the hypothesis, you know that there is a real number 
N > 0 such that 


A2: For every element y € T, |y| < N. 
Recognizing the keywords “for every” in the forward process, you 


should specialize A2 to one particular element y € T. 


x = 3 is a counterexample because x? = 9 > 3 = x. (Any value of a 
real number x for which x? > x provides a counterexample.) 


. n = 4 is a counterexample because n? = 16 < 24 = n!. (Any value 


of an integer n for which n? < n! provides a counterexample.) 

a= 2,b= 3, andc = 5 constitute a counterexample because a|(b+c) 
[that is, 2/(3 +5)] and yet a = 2 does not divide b = 3 (nor does 
a = 2 divide c= 5). (Any value of the integers a, b, and c for which 
a|(b+c) and either a does not divide b or a does not divide c provides 
a counterexample.) 


x = } is a counterexample because \/x = 5 > | = 2. (Any value of 
areal number x for which /x > x provides a counterexample.) 


. n = 41 is a counterexample because 41? + 41 + 41 = 41(43) is not 


prime. (Any value of a positive integer n for which n? +n + 41 is 
not prime provides a counterexample.) 

p=4> 0 and m = 2 is a counterexample because p is not prime 
(as p = 2* 2) and m = 2 satisfies 1 <m < \/p = 2 and m divides p. 
(Any value of a positive integer p that is not prime and an integer 
m for which 1 < m < ,/p and m|p provides a counterexample.) 


9.1 


9.2 


9.3 


Solutions to Exercises 


. Assume that J, m, and n are three consecutive integers and that 24 


divides 1? +m? +n? +1. 


. Assume that n > 2 is an integer and 2” + y” = z” has an integer 


solution for x, y, and z. 


. Assume that f and g are two functions such that g > f, f is unbounded 


above, and g is not unbounded above. 


. Assume that n > 2 is an integer and there exist positive integers x, y, 


and z such that 7” + y” = 2”. 


. Assume that a is a positive real number and that there are real num- 


bers 6, c, and M with M > 0 such that, for every real number z, 
ax? +ba +ce< M. 


. Assume that matrix is not singular and the rows of M are linearly 


dependent. 


. With the contradiction method, it is not possible to work backward 


from any statement because you do not know, beforehand, what the 
contradiction is going to be. 


. Yes, the student has completed the proof because the fact that b is an 


even integer contradicts the hypothesis that b is odd. 
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9.4 


9.5 


9.6 


a. 


b. 
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There are not a finite number of primes. 

The positive integer p cannot be divided by any positive integer other 
than 1 and p. 

The lines / and /’ do not intersect. 


Either the real number ad — bc > 0 or ad — bc < 0. 

. At least one side of triangle ABC is different in length from the other 
two sides. (Or, at least one angle of triangle ABC is not 60 degrees.) 
Every root of the polynomial ag +ai2%+- --+an2” is a complex number 
of the form c+ di in which d> 0 or d <0. 


Recognizing the keywords “there is,” you should use the construction 
method to construct an element s € S for which you must show that 
s is also in T. 

. Recognizing the quantifier “for all” as the first keywords from the left, 
you should use the choose method to choose 


Al: An element s € S, 


for which you must show that 


B1: There is no element t € T such that s > t. 


Recognizing the keyword “no” in the backward statement Bl, you 
should proceed with the contradiction method and assume that 


A2: There is an element t € T such that s > t. 


You must then work forward from Al and A2 to reach a contradiction. 
Recognizing the keyword “no,” you should first use the contradiction 
method, whereby you should assume that 


Al: There is a real number M > 0 such that, for all elements 
xeS, |r|< M. 


To reach a contradiction, you will probably have to apply specialization 
to the forward statement, “for all elements x € S, |x| < M.” 
Alternatively, you can pass the NOT through the nested quantifiers 
and hence you must show that 


Bl: VM > 0, dx € S such that |x| > M. 


Recognizing the quantifier “for all” as the first keywords in the back- 
ward statement B1, you can now use the choose method to choose 


Al: A real number M > 0, 


for which you must show that 


9.7 
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B2: There is an element x € S such that |z| > M. 


Recognizing the keywords “there is” in the backward statement B2, 
you should then use the construction method to produce the desired 
element x € S for which |x| > M. 


. Recognizing the keywords “for every” as the first quantifier from the 


left, you should start with the choose method. Specifically, choose 
Al: A real number ¢ > 0, 
for which it must be shown that 


B1: There is an element x € S such that x > u—e. 


Recognizing the keywords “there is” in Bl, you should now use the 
construction method to construct an element x € S such that x > u—e. 


. Recognizing the keywords “there is” as the first quantifier from the 


left, you should start with the construction method. Specifically, you 
should construct a real number y for which you must show that 


B1: y > 0 and for every element x € S, f(x) < y. 


After constructing the value for y > 0, to establish B1, you should 
recognize the keywords “for every” in the backward process and so 
should use the choose method to choose 


Al: An element x € S, 


for which it must be shown that 


B2: f(x) <y. 


. Recognizing the quantifier “for every” as the first keywords from the 


left, you should use the choose method to choose a 
A1: line / in the plane that is parallel to, but different from, I’, 
for which it must be shown that 


B1: There is no point on / that is also in S. 


In B1, the keyword “no” takes precedence and so you should proceed 
by contradiction. Accordingly, you should assume that 


A2: There is a point on / that is also in S. 


You must now work forward from Al and A2 to reach a contradiction. 
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9.8 Analysis of Proof. To use the contradiction method, assume: 


A: nis an integer for which n? is even. 
Al (NOT B): 1 is not even, that is, n is odd. 


Work forward from these assumptions using the definition of an odd integer to 
reach the contradiction that n? is odd. Applying a definition to work forward 
from NOT B yields 


A2: There exists an integer & such that n = 2k + 1. 


Squaring both sides of the equality in A2 and performing simple algebraic 
manipulations leads to 


A3: n? = (2k4+ 1)? = 4k? +4k +1, so 
A4: n? = 2(2k? + 2k) +1, 
which says that n? = 2p + 1, where p = 2k? + 2k. Thus n? is odd, and this 


contradiction to the hypothesis that n? is even completes the proof. 


Proof. Assume, to the contrary, that n is odd and n? is even. Hence, there 
is an integer & such that n = 2k + 1. Consequently, 


n? = (2k +1)? = 2(2k? + 2k) +1, 
and so n? is odd, contradicting the initial assumption. O 


9.9 Analysis of Proof. According to the contradiction method, you can 
assume the hypothesis, A, and 


Al (NOT B): There are real numbers x and y with « 4 y such that 
2® = y°, that is, «? — y3 = 0. 


Working forward by factoring, you have that 
A2: (x—y)(a?+ay+y") =0. 


Using the fact that x 4 y from A1, you can divide both sides of A2 by rx—y 4 0 
to obtain 


A3: 22 +2y4+ y? =0. 


Thinking of A3 as a quadratic equation of the form ax? + br + ¢, in which 
a=1,b=y, and c= y’, the quadratic formula yields 


wo wut y? 401) (y?) _ — yt —3y? 
AA: g = Oe Se 


The only way the value in A4 can result in a real value for = is if 
A5: y=0. 


But then, from the fact that x? = y? in Al, you have that x = y = 0, which 
contradicts the assumption in Al that « 4 y, thus completing the proof. 
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Proof. Assume, to the contrary, that there are real numbers x and y with 
x #y such that 2? = y?. Then 


a —y =(x—y)(x? +2y+y*) =0. 


Dividing both sides of the foregoing equality by x—y 4 0 results in 2? ++2y+ 
y’? =0. Thinking of this as a quadratic equation of the form ax? +ba +c = 0, 
in which a = 1, b= y, and c = y?, the quadratic formula yields 


=e 8/9? SAT) yA): Ge =3y? 


CC SS ——_—_]—_]—jjercr 


2 2 


The only way this can result in a real value for x is if y = 0, but then « = 0 
and so y = x. This contradicts the assumption that x 4 y, thus completing 
the proof. O 


9.10 Analysis of Proof. Proceed by assuming that there is a chord of 
a circle that is longer than its diameter. Using this assumption and the 
properties of a circle, you must arrive at a contradiction. 

Let AC be the chord of the circle that is longer than the diameter of the 
circle (see the figure below). Let AB be a diameter of the circle. This con- 
struction is valid because, by definition, a diameter is a line passing through 
the center terminating at the perimeter of the circle. 


C 


It follows that angle AC'B has 90 degrees because AC B is an angle inscribed 
in a semi-circle. Hence the triangle ABC is a right triangle in which AB is 
the hypotenuse. Then the desired contradiction is that the hypotenuse of a 
right triangle is shorter than one side of the triangle, which is impossible. 


Proof. Assume that there does exist a chord, say AC, of a circle that is longer 
than a diameter. Construct a diameter that has one of its ends coinciding with 
one end of the chord AC’. Joining the other ends produces a right triangle in 
which the diameter AB is the hypotenuse. But then the hypotenuse is shorter 
than one leg of the right triangle, which is a contradiction. O 


9.11 Analysis of Proof. According to the contradiction method, you can 
assume the hypothesis, A, and 


Al (NOT B): There is a rational number x such that ax? + br + c = 0. 


By definition of a rational number, this means that 
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A2: There are integers p and q with q 4 0 such that 
a(p/q)? + 0(p/q) +e = 0. 
A contradiction to the hypothesis is reached by showing that 
B1: There is a rational number y such that cy? + by + a = 0. 


Recognizing the keywords “there is” in B1, the construction method is used 
to produce the desired value for y. To that end, multiply both sides of the 
equality in A2 by q?/p? (noting that p 4 0, for otherwise, from A2, c = 0 
which, according to the hypothesis, is not the case) to obtain 


A3: a+ b(q/p) + c(q?/p?) = 0. 


From A3, you can see that the desired value for y in Bl is y = q/p. This 
number is rational because p and q are integers and, as stated previously, 
p #0. From A3 you can see that cy? + by+a = 0, thus completing the proof. 


Proof. Assume, to the contrary, that there is a rational number x = p/q 
(where p and q are integers with g 4 0) such that 


A 


Note that p 4 0, for otherwise c = 0 which, according to the hypothesis, is 
not the case. Thus, you can multiply both sides of the foregoing equality by 


q’/p’, resulting in 
2 
ato(4)+e(4) =o. 
Pp Pp 


But then q/p is a rational root of the equation cx? + ba +a, which contradicts 
the hypothesis and completes the proof. 0 


9.12 Analysis of Proof. By contradiction, assume A and NOT B, that 
is: 


A: n-—1,n, and n-+1 are consecutive positive integers. 
Al (NOT B): (n+1)?=n?+4+(n-1)°. 


A contradiction is reached by showing that 
B1: n?(n —6) = 2 and n?(n — 6) > 49. 
To that end, rewriting Al by algebra, you have: 


A2: n°? 4+3n? +3n4+1 =n +n? —3n? +3n—1, or 
A3: n° — 6n? = 2, or 
A4: n?(n—6) =2. 


From A4, because n? > 0, it must be that 


A5: n—6> 0, that is, n > 7. 
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But when n > 7,n—6> 1, and n? > 49, so 
A6: n?(n—6) > n? > 49. 


Now A6 contradicts A4 because A6 states that n?(n—6) > 49 while A4 states 
that n*(n — 6) = 2. This contradiction completes the proof. 


Proof. Assume, to the contrary, that the three consecutive integers n — 1, n, 
and n+ 1 satisfy 


(n+ 1)? =n? + (n-1)3. 
Expanding these expressions and rewriting yields 
n?(n— 6) = 2. 


Because n? > 0, n—6 > 0, that is, n > 7. But then n?(n — 6) > n? > 49. 
This contradicts the fact that n?(n — 6) = 2, thus completing the proof. 0 


9.13 Analysis of Proof. By the contradiction method, you can assume the 
hypothesis, A, and 


Al (NOT B): ¢ is prime. 
By definition, this means that 


A2: The only integers that divide q are 1 and gq. 


A contradiction is reached by showing that 


B1: There is an integer a with a £ 1 and a ¥ q such that a 
divides q. 


To that end, working forward from the hypothesis that p divides q, by defini- 
tion, 


A3: There is an integer b such that q = bp. 


You can see that the desired value for a in B1 is b. To see that this value is 
correct, it must be shown that 


B2: 641,b#4q, and b divides q. 


Because the hypothesis states that q 4 p, it follows from A3 that b £ 1. 
Also, b # q, for otherwise, from A3, it would follow that p = 1, which cannot 
happen because the hypothesis states that p is prime. Finally, the fact that 
q = bp in A3 means that b divides q. So 0 is an integer other than 1 and q that 
divides q, thus contradicting the assumption that q is prime and completing 
the proof. 


Proof. Assume, to the contrary, that q is prime. A contradiction is reached 
by showing that there is an integer other than 1 and q that divides q. To that 
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end, from the hypothesis that p divides q, there is an integer b such that 
q = bp. 


Now 0 is the desired integer that leads to the contradiction. To see that this 
is so, note first from the hypothesis that because p 4 q, b 4 1. Furthermore, 
b# q, for otherwise, p = 1, which cannot happen because p is prime. Finally, 
because q = bp it follows by definition that b divides q. It has thus been shown 
that b is an integer other than 1 and q that divides g. This contradiction 
establishes the proof. O 


9.14 Analysis of Proof. To use contradiction, assume that no two people 
have the same number of friends; that is, everybody has a different number 
of friends. Because there are n people, each of whom has a different number 
of friends, you can number the people in an increasing sequence according to 
the number of friends each person has. In other words, 


person number 1 has no friends, 
person number 2 has 1 friend, 
person number 3 has 2 friends, 


person number n has n — 1 friends. 


By doing so, there is a contradiction that the last person is friends with all 
the other n — 1 people, including the first one, who has no friends. 


Proof. Assume, to the contrary, that no two people have the same number 
of friends. Number the people at the party in such a way that, for each 
i = 1,...,n, person 7 has 7 — 1 friends. It then follows that the person 
with n — 1 friends is a friend of the person who has no friends, which is a 
contradiction. 0 


9.15 Analysis of Proof. To use contradiction, assume that no two people 
are born on the same second of the same hour of the same day in the twentieth 
century. That is, everybody in the twentieth century is born at a different 
time. You can therefore number the people born in the twentieth century in 
an increasing sequence according to the order in which they were born in the 
twentieth century. In other words, 


People Born in the Twentieth Century 

person number 1 is born first in the twentieth century, 
person number 2 is born second in the twentieth century, 
person number 3 is born third in the twentieth century, 


Noting that there are 60 x 60 x 24 x 366 x 100 = 3, 162, 240, 000 seconds in the 
twentieth century, you can see that person number 4,000,000,000 is born at 
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least that many seconds after person number 1. But this means that person 
number 4,000,000,000 is not born in the twentieth century. This contradiction 
establishes the claim. 


Proof. By contradiction, assume that no two people are born on the same 
second of the same hour of the same day in the twentieth century. That 
is, everybody in the twentieth century is born at a different time. You can 
therefore number the people born in the twentieth century in an increasing 
sequence according to the order in which they were born in the twentieth 
century. In other words, person number 1 is born first in the twentieth century, 
person number 2 is born second in the twentieth century, and so on. Noting 
that there are 60 x 60 x 24 x 366 x 100 = 3, 162,240,000 seconds in the 
twentieth century, you can see that person number 4,000,000,000 is born at 
least that many seconds after person number 1. But this means that person 
number 4,000,000,000 is not born in the twentieth century. This contradiction 
establishes the claim. 0 


9.16 Analysis of Proof. By the contradiction method, you can assume the 
hypothesis and 


Al (NOT B): There is a positive integer m with m 4 n such that 
m3 —m—6=0. 


A contradiction to Al is reached by showing that m = n. To reach this 
contradiction, work forward by algebra from the hypothesis that n?—n—6 = 0 
to state that 


A2: n(n+1)(n—-1) =6. 


The only integer that satisfies A2 isn = 2. This is because it is clear that 
n = 1 does not satisfy A2 while n = 2 does, and for any value of n > 2, the 
left side of A2 is > 6. Likewise, working forward from Al by algebra, you 
have that 


A3: m(m-+1)(m—1) =6. 


Similarly, the only integer that satisfies A4 is m = 2. But then m =n = 2 
and this contradiction completes the proof. 


Proof. Assume, to the contrary, that there is a positive integer m with m 4 n 
such that m?—m—6 = 0. It then follows by factoring that m(m+1)(m—1) = 6. 
The only such integer is m = 2 because m = 1 does not satisfy the equation 
and for m > 2, m(m +1)(m— 1) > 6. Likewise, from the hypothesis that 
n? —n—6 = 0, you have that n(n + 1)(n — 1) = 6. Once again, the only 
such integer is n = 2. It now follows that m = n = 2, which contradicts the 
assumption that m 4 n, thus completing the proof. O 
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9.17 Analysis of Proof. When using the contradiction method, you can 
assume the hypothesis that 


A: «>0,y>0,7+y=0, 
and also that 
Al (NOT B): Either « 4 0 or y £0. 
From Al1, suppose first that 
A2: c #0. 
Because x > 0 from A, it must be that 
A3: «> 0. 
A contradiction to the fact that y > 0 is reached by showing that 
Bl: y <0. 
Specifically, because x + y = 0 from A, 
A4: y=-—-2. 


Because —x < 0 from A38, a contradiction has been reached. A similar argu- 
ment applies for the case where y 4 0 (see Al). 


Proof. Assume that x > 0, y > 0, x+y =0, and that either « £0 or y £0. 
If x £0, then x > 0 and y = —x < 0, but this contradicts the fact that y > 0. 
Similarly, if y 4 0, then y > 0, and x = —y < 0, but this contradicts the fact 
thatr>0. O 


9.18 Analysis of Proof. Not recognizing any keywords, the forward- 
backward method gives rise to the key question, “How can I show that a 
set (namely, (S°)°) is equal to another set (namely, S$)?” By definition, it 
must be shown that 


Bi: (S°)° CS and $ € (8°)°. 


A key question associated with the first statement in B1 is, “How can I show 
that a set (namely, (S°)°) is a subset of another set (namely, S')?” By the 
definition of a subset, you must show that 


B2: For every element x € (S°)°, rE S. 


Recognizing the keywords “for every” in the backward statement B2, you 
should use the choose method to choose 


Al: An element zx € (S°)°, 


for which you must show that 
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B3: «eS. 


Working forward from Al, because x € (S°)°, by definition of the complement, 
this means that 


A2: c€S°. 
Again, by definition of the complement, because x ¢ S°, it must be that 


A3: cE S. 


This part of the proof is now complete because A3 is the same as B3. From 
B1, it still remains to show that 


B4: $C (S°)°. 


An associated key question is, “How can I show that a set (namely, S$) is a 
subset of another set (namely, (S°)°)?” By the definition of a subset, you 
must show that 


B5: For every element x € S, x € (S°)°. 


Recognizing the keywords “for every” in the backward statement B5, you 
should use the choose method to choose 


A4: An element x € S, 
for which you must show that 
B6: «x € (S°)°. 


A key question associated with B6 is, “How can I show that an element 
(namely, a) is in the complement of a set (namely, S°)?” By definition of the 
complement of a set, you must show that 


B77: «ZS°. 


Recognizing the keyword “not” in the backward statement B7, you should 
proceed by contradiction and thus assume that 


A5: cE S°. 
But this means that « ¢ S$, which contradicts A4 and completes the proof. 


Proof. It will be shown that (S°)° C S and S C (S°)°. So first, let x € (S°)°. 
This means that « ¢ S© and so, in fact, « € S. To see that S C (S°)°, let 
xz € S. It will be shown that x € (S°)°, that is, that 2 ¢ S°. To that end, 
assume, to the contrary, that « € S°. But then x ¢ S$, which contradicts the 
fact that x € S and completes the proof. O 
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9.19 a. The author is using the forward-backward and choose methods. This 
is because the author first asks the key question, “How can I show 
that a function (namely, a®) is one-to-one?” By definition, the answer 
is to show that 


B1: For all real numbers x and y with x 4 y, a® £ a’. 


Recognizing the keywords “for all” in the backward statement B1, the 
author now uses the choose method to choose 


Al: Real numbers x and y with x # y, 


for which it must be shown that 
B2: a® #a’. 


b. The author is using contradiction because the keyword “not” appears 
in the backward statement B2. Thus, the author assumes that 


A2: a® =a. 


c. The author uses the hypothesis that a > 0 when taking the log of a® 
and a” (because the log is only defined for numbers greater than 0). 

d. The author is justified in claiming the proof is complete because the 
author has correctly shown that z = y, which contradicts Al and 
completes the contradiction method. 


9.20 Analysis of Proof. Recognizing the keyword “not” in the conclusion, 
the contradiction method is used, whereby you can assume that 


Al (NOT B): The function ax? + bx +c is one-to-one. 
By definition, this means that 


A2: For all real numbers x and y with x 4 y, ax? + br +cF# 
ay? + by +c. 


A contradiction is reached by showing that A2 is not true, that is, by showing 


B1: There are real numbers x and y with « 4 y such that 
ax” + br +c= ay? + by +c. 


Recognizing the keywords “there are” in the backward statement B1, the 
construction method is used to produce the values of x and y. Specifically, 
using the hypothesis that a 4 0, you can construct the following real numbers: 


7 —,=b — —b 
A3: c= >t+landy=>-1. 


To complete the construction method, it remains to show that, for the values 
of x and y in A3, 
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B2: «#y and az? +br4+c= ay? + by +c. 


For the first part of B2, you should recognize the keyword “not” and so 
proceed by contradiction and assume that 
A4: x= y, that is, gtl=3- 


Subtracting st from both sides of A4 results in the contradiction that 1 = —1 


and so it must be that x = y. To complete the proof of B2, you can see that 
ax? +br+e = eri foes 
et bs b? 
= +a— Da +c 
—b 2 —b 

= ay’?+byte. 
The proof is now complete. 
Proof. Given a, b, and ¢ are real numbers with a 4 0 and the function 
f(x) = ax? + br +c, it will be shown that for = 52+1 andy = 52-1, 


x#yand f(x) = f(y). You can see that x 4 y for otherwise, 1 = —1. To see 
that f(x) = f(y) note that 


f(ie=32+1) = as a a c and 
& 2 22 
fy=g-1) = Erergete 


Therefore f is not one-to-one. O 


9.21 The first error in this proof is the assumption that the log(«“) is defined. 
For example, if = —1 and a = 3 then log(a#*) = log(—1) is undefined. Even 
if you were to assume that 2° > 0 for all real numbers x, log(x*) = log(y*) 
only implies that alog(|x|) = alog(|y|). With the assumption that x and y 
are greater than 0, the function would be one-to-one. 


9.22 The contradiction is that b is both odd (as stated in the hypothesis) 
and even (as has been shown because b = —2a is even). 


9.23 The author has first shown that 1---k---(n — 1)n = ck — 1, and, 
to reach a contradiction, is claiming that k divides the integer on the left 
side of the foregoing equality but not the integer on the right side. It is 
correct that k divides the integer on the left side because 1---k---(n—1)n = 
k(1---(k-—1)(k+1)---(n —1)n). It is also correct that k does not divide 
ck —1. To see that this is true, by contradiction (because of the keyword 
“not”), suppose that k does divide ck — 1. By definition, this means that 
there is an integer b such that ck — 1 = bk. But then (c — b)k = 1. The only 
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way the product of the two integers c— b and k can be 1 is if c— b = +1 and 
= +1. But k > 1 and so this contradiction means that k does not divide 
ck —1. 


9.24 Analysis of Proof. By the contradiction method, assume that 


Al: The number of primes is finite. 


From A1, there will be a prime number that is larger than all the other prime 
numbers. So, 


A2: Let n be the largest prime number. 


Consider the number n! + 1 and let 


A3: p be any prime number that divides n! + 1. 


A contradiction is reached by showing that 


Bl: p>n. 


To see that p > n, by contradiction, suppose that 1 < p < n. From the 
proposition in Exercise 9.23, it follows that p does not divide n! + 1, which 
contradicts A3 and completes the proof. 


Proof. Assume, to the contrary, that there are a finite number of primes. 
Let n be the largest prime and let p be any prime divisor of n! + 1. Now, if 
1 < p<_n, then, by the proposition in Exercise 9.23, it follows that p does 
not divide n! + 1. This contradiction completes the proof. O 


9.25 The contradiction is that, if p = +q, then p/q = +1 are rational roots 
of ax* + bx? + a. However, it is stated earlier in the proof that +1 are not 
roots of ax4 + bx? +a. 


9.26 Analysis of Proof. The proof is done by contradiction because the 
author is assuming 


NOT B: «z—y77 > 0. 


A contradiction is reached by showing that the square of a number is negative. 
Specifically, the author shows that 


B1: (az— cz)? <0. 
The contradiction in B1 is obtained by working forward from NOT B and the 
hypothesis. Specifically, from NOT B and the hypothesis that ac—b? > 0, it 
follows that 

Al: arz>¥’, 

ADE. GES: 


Multiplying corresponding sides of the inequalities in Al and A2 yields: 


SOLUTIONS TO EXERCISES IN CHAPTER 9 97 


A3: (ac)(az) > b?y?. 


Then, adding 2by to both sides of the hypothesis az — 2by + cx = 0 and 
squaring both sides results in: 


A4: (az + cx)” = 4b?y”. 
From A3, it follows that 4b?y? < 4(ac)(xz) and so, from A4, 


A5: (az+ cx)? < 4(ac)(xz). 
Expanding the left side of A5, subtracting 4(ac)(xz) from both sides, and 
then factoring yields the contradiction that (az — er)? <0. O 
9.27 Analysis of Proof. The proof is by contradiction, so the author 


assumes that 


Al (NOT B): The polynomial x*+ 2x? + 2x +2 can be expressed as the 
product of the two polynomials «7+ ax +b and x?+cx+d 
in which a, b, c, and d are integers. 


Working forward by multiplying the two polynomials, you have that 


A2: 24 +22? 4+ 2242 = (22 +ar+b)(x? +cx4+-d) = 
z*+(a+c)z* + (b+ ac+ d)x? + (be + ad)ax + bd. 


Equating coefficients of like powers of x on both sides, it follows that 


A3: a+c=0. 

A4: b+ac+d=2. 
A5: be+ad=2. 
A6: bd=2. 


From A6, b is odd (+1) and d is even (+2) or vice versa. Suppose, first, that 
A7: Case 1: b is odd and d is even. 


(Subsequently, the case when 6 is even and d is odd is considered.) It now 
follows that, because the right side of A5 is even, the left side is also. Because 
d is even, so is ad. It must therefore be the case that 


A8: bc is even. 
However, from A7, b is odd, so it must be that 
AQ: c is even. 
But then, from the left side of A4, you have 
A10: b+ ac+d is odd + even + even, which is odd. 


This is because b is odd (see A7), ac is even (from A9), and d is even (see 
A7). However, A10 is a contradiction because the right side of A4, namely, 
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2, is even. This establishes a contradiction for Case 1 in A7. A similar 
contradiction is reached in Case 2, when 6 is even and d is odd, thus completing 
the proof. 


9.28 Analysis of Proof. The keyword “not” in the conclusion suggests 
using the contradiction method, whereby you can assume that 


Al: k divides n!+ 1. 
Working forward from Al by definition, it follows that 


A2: There is an integer c such that n! + 1 = ck, that is, 
n!=ck—1. 


By definition of n!, this means that 
A3: n(n—1)---k-s-L=ck—-1. 


A contradiction is reached by showing that k divides the integer on the left side 
of A3 but k does not divide the integer on the right side (as it should). You can 
see that & divides the integer on the left side of A3 because 1---k--+-(n—1)n = 
k(1---(k —1)(K+1)---(n—1)n). To establish the contradiction, it remains 
to show that 


B1: k does not divide ck — 1. 


Recognizing the keyword “not” in the backward statement B1, contradiction 
is used. Thus, suppose 


AA: k does divide ck — 1. 
By definition, this means that 


A5: There is an integer 6 such that ck — 1 = bk, that is, 
(c—b)k=1. 


The only way the product of the two integers c — 6 and k can be 1 is if 
A6: c—b=+tlandk=1. 


But & > 1 from the hypothesis and so this contradiction means that B1 is 
true and completes the proof. 


9.29 Analysis of Proof. The contradiction method is used, whereby you 
should assume that 


Al: 0b is odd. 


A contradiction is reached by showing that 2 = +1 are not roots of ax*+ba?+a 
and yet x = +1 are roots of this equation. The proposition in Exercise 9.22 
establishes that « = +1 are not roots of ax+ + ba? + a and so it remains to 
show that 
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Bl: x = +1 are roots of axz* + bx? +a. 


Now B1 is established by showing that 


B2: There is a rational root « 4 0 of ax* + bx? + a such that 
x =1/x and sox = +1. 


Recognizing the keywords “there is” in the backward statement B2, the con- 
struction method is used to produce this rational root. To that end, note 
that 


A2: Rational roots of the equation ax* + bx? + a come in pairs. 


This is true because, suppose that p and q are integers with q 4 0 for which 
x = p/q is a rational root of ax++bxr? +a, that is, a(p/q)*+(p/q)? +a = 0. 
Then because p # 0 (otherwise a = 0, which is not the case according to the 
hypothesis), it follows by algebra that a(q/p)* + b(q/p)? + a = 0 and so q/p 
is also a rational root ax* + bx? + a. Now because the hypothesis states that 
ax* + ba? +a has an odd number of rational roots and A2 is true, it must be 
that 


A3: There is a rational root of ax+ + ba? + a that is repeated, 
that is, there is a rational root x = p/q for which x = q/p. 


But A3 means that « = 1/zx and so B2 is true and the proof is complete. 


9.30 Analysis of Proof. Recognizing the first keywords “for every” in the 
conclusion, the choose method is used to choose 


Al: A real number y < 0, 
for which it must be shown that 


B1: The set C = {real numbers x : ax” < y} is not bounded. 


Recognizing the keyword “not” in the backward statement B1, the contradic- 
tion method is used. Accordingly, you can assume that 


A2: The set C’ is bounded. 
Working forward by definition of a bounded set, this means that 


A3: There is areal number M > 0 such that, for every element 
xeC, |z|< M. 


A contradiction is reached by showing that the for-all statement in A3 is not 
true. Thus, it will be shown that 


B2: There is an element x € C such that |x| > M. 


Recognizing the keywords “there is” in the backward statement B2, the con- 
struction method is used. Specifically, the author constructs 
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A4: x = max{M, \/Z}. 

To complete the construction method, it must be shown that 
B3: «€C and |a| > M. 

By the defining property of C' in B1, it must be shown that 
B4: az? < y. 

But B4 is true because, from A4, 
A5: «> \/%, that is, 2? > 4. 


Using the fact that a < 0 in the hypothesis, it follows from A5 that ax? < y 
and so B4 is true. From B3, it remains to show that |x| > M, but this follows 
immediately from A4 and so the proof is complete. 


10.1 a. 


10 


Solutions to Evercises 


Work forward from: 


Work backward from: 
. Work forward from: 
Work backward from: 


Work forward from: 


Work backward from: 


. Work forward from: 
Work backward from: 
. Work forward from: 


Work backward from: 


Work forward from: 


Work backward from: 


n is an odd integer. 

n? is an odd integer. 

S is a subset of T and T is bounded. 
S is bounded. 

The integer p > 1 is not prime. 


There is an integer 1 <n < ,/p, such that nlp. 


n>0,p>Oandn> p. 

n does not divide p. 

There exist real numbers b, c, and M with 
M > 0, such that for all x, av? +ba+c< M. 
a<0. 

f(a) is linear. 

Z1, £2, and x3 are three real numbers with 
“1 <x“ < a3 and either f(a1) < f(x) or 


f(w2) = f(s). 


10.3. No, Mary’s statement is not correct. Thinking of Bob’s statement as 
being of the form, “If A (I study hard enough), then B (I will get at least a 
B in this course),” Mary stated that because B is true, A must also be true. 
This need not be the case, that is, B could be true and yet A could be false 
and Bob’s statement, “If A, then B” is still true (see Table 1.1 in Chapter 1). 


101 


102 SOLUTIONS TO EXERCISES IN CHAPTER 10 


10.4 Statement (b) is a result of the forward process because you can assume 
that there is a real number t with 0 < t < 7/4 such that sin(t) = rcos(t). 
The answer in part (b) results on squaring both sides and replacing cos?(t) 
with 1 —sin?(t). 


10.5 Statement (c) is a result of the forward process because you can assume 
that there is a positive integer root for ma?+nx+(n—m). Using the definition 
of a root one obtains statement (c). 


10.6 Key Question: How can I show that one integer (namely, m) divides 
another integer (namely n)? 
Key Answer: By definition, show that there is an integer a such that 
n=am. 


10.7 The correct key question is in (d). To understand why, recall that with 
the contrapositive method you work forward from NOT B and backward from 
NOT A. Thus, you should apply the key question to the statement, “The 
derivative of the function f at the point x is 0.” 
a. Incorrect because the key question is applied to NOT B. Also, the 
question uses symbols and notation from the specific problem. 
b. Incorrect because the key question uses symbols and notation from 
the specific problem. 
c. Incorrect because the key question is applied to NOT B. 
d. Correct. 


10.8 The correct key question is in (d). To understand why, recall that with 
the contrapositive method you work forward from NOT B and backward from 
NOT A. Thus, you should apply the key question to the statement, “There 
is an element x € S' with the property that f(x) = 0.” 
a. This is incorrect because the key question is applied to the wrong 
statement. 
b. This is incorrect because it includes symbols and specific notation 
from the statement. 
c. This is incorrect because the key question is applied to the wrong 
statement. 
d. Correct. 


10.9 The contradiction method is used in this proof because the author works 
forward from A and NOT B to reach the contradiction that the integer p > p. 


10.10 The contrapositive method is used in the proof in Exercise 9.22 because 
the author works forward from NOT B to show NOT A. 
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10.11 The contradiction method is used in the proof in Exercise 9.23. The 
contradiction is that the integer k divides and does not divide the same integer. 


10.12 With the contrapositive method, you will assume 
NOT B: p is not prime. 
You must then show that 
NOT A: There is an integer m with 1 <m < ,/p such that m|p. 


Recognizing the keywords “there is” in the backward statement NOT A, 
you should use the construction method to construct an integer m with the 
property that 1 <m < \/p such that m|p. 


10.138 With the contrapositive method, you will assume 


NOT B: For every real number 2, ax? + br + ¢ <0. 


You must then show that 


NOT A: There is a real number x with ax? + br +c =0. 


Recognizing the keywords “for every” in the forward statement NOT B, you 
should use specialization, that is, you should find a specific value for the real 
number x. The result of this specialization will be that, for this specific value 
of x, ax? +br+e<0. 


10.14 With the contrapositive method, you will assume 


NOT B: There are real numbers b, c, and M with M > 0 such that, 
for every real number 2, az? + br +c > M. 


You must then show that 
NOT A: a< 0. 


Recognizing the keywords “there are” as the first quantifier in the backward 
statement NOT B, you should use the construction method to construct real 
numbers 6, c, and M for which you must then show that M > 0 and 


B1: For every real number x, az? + ba +c> M. 


Recognizing the keywords “for every” in the backward statement B1, you 
should then use the choose method to choose 


Al: A real number z, 


for which you must show that 


B2: ax? +br+c< M. 
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10.15 Analysis of Proof. By the contrapositive method, assume that 
NOT B: p= gq. 
It must be shown that 


NOT A: \/pg = (p +4)/2. 
However, from NOT B and the fact that p, q > 0, it follows that 


Al: /pq = Vp? =p = (p+ p)/2= (p+ q)/2. 
The proof is now complete because NOT A is true. 


Proof. By the contrapositive method, assume that p = q. It must be shown 
that ,/p¢ = (p + q)/2. However, because p, gq > 0, it follows that 


JPq = VP? =p = (p+ p)/2= (Pp +.4)/2. 
The proof is now complete. 0 
10.16 Analysis of Proof. With the contrapositive method, you can assume 
Al (NOT B): (a+b)/2 < Vab. 
You must show that 
B1 (NOT A): a=b. 


To that end, multiply both sides of Al by 2, square both sides, and then 
subtract 4ab from both sides to obtain 


A2: a? —2ab + b? < 0, that is, (a — b)? < 0. 
Of course you also know that 

A3: (a—b)*? > 0. 
Combining A2 and A3, it follows that 

A4: (a—b)? =0. 
From A4, it follows that 

A5: a—b=0, that is,a=b. 
The fact that A5 is the same as B1 completes the proof. 
Proof. By the contrapositive method, assume that 

(a + b)/2 < Vab. 


It must be shown that a = b. To that end, multiply both sides of the foregoing 
inequality by 2, square both sides, and then subtract 4ab from both sides to 
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obtain 
a” — 2ab + b? < 0, that is, (a — 5)? <0. 


Of course (a — b)? > 0, so it must be that (a — b)? = 0, that is, a—b = 0. 
Thus, a = b, and so the proof is complete. O 


10.17 Analysis of Proof. With the contrapositive method, you assume 


Al (NOT B): There is an integer solution, say m, to the equation 
vtin—-c=0. 


You must then show that 

B1 (NOT A): cis not odd, that is, c is even. 
But from A1, you have that 

A2: c=m+m?. 


Observe that m +m? = m(m +1) is the product of two consecutive integers 
and is therefore even, thus establishing B1 and completing the proof. 


Proof. Assume that there is an integer solution, say m, to the equation 
n?+n—c= 0. It will be shown that c is even. But c=m+m? = m(m +1) 
is even because the product of two consecutive integers is even. O 


10.18 Analysis of Proof. With the contrapositive method, you assume 
Al (NOT B): maz? + nz+n-—~m has a positive integer root. 
You must then show that 


B1 (NOT A): m divides n. 


A key question associated with B1 is, “How can I show that an integer 
(namely, m) divides another integer (namely, n)?” By definition, one answer 
is to show that 


B2: There is an integer k such that n = km. 


Recognizing the keywords “there is” in the backward statement B2, you should 
use the construction method to produce the desired integer k. To that end, 
working forward from Al, you know that 


A2: There is an integer x > 0 such that mx? +nrz+n—m= 0. 


Because m 4 0, you can divide the equality in A2 through by m and factor 
to obtain 


A3: (1+ 1)(2-1)+ 4(¢#+4+1) =0. 


m 


From A2, you also know that « > 0 and so x +1 > 0 and, on dividing A3 
through by «+1 you obtain 
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A4: s—-1+ 4 =0, that is, n = (1—2)m. 


From A4, you can see that the desired integer k in B2 is k = 1 — x because, 
for this value of k, n = km and so the proof is complete. 


Proof. Assume that there is an integer 2 > 0 such that mx?+nxz+n—m = 0. 
It will be shown that m|n. Because m # 0, you can divide the equation by m 
and then factor to obtain (a + 1)(#—1) + 4(@+ 1) = 0. Now z is a positive 
integer sox+1#0. Dividing by x + 1 and solving for n gives n = (1 — x)m. 
This means that m|n and so the proof is complete. O 


10.19 Analysis of Proof. The definition is used to answer the key question, 
”How can I show that a function (namely, f(a) = x) is one to one?” It must 
therefore be shown that 


B1: For all real numbers x and y with « 4 y, x? 4 y°. 


Recognizing the keywords “for all” in the backward statement B1, the choose 
method is used to choose 


A1: Real numbers x and y with x # y, 
for which it must be shown that 
B2: 22 4°. 


Recognizing the keyword “not” in B2, the contrapositive method is used to 
show that Al implies B2. Accordingly, you can assume that 


A2 (NOT B2): x? = y’, that is, 2? — y? = 0. 
It must be shown that 
B3 (NOT Al): x=y. 
Note that B3 is true when x = y = 0, so you can also assume that 
A3: Either 2 40 ory £0. 
Working forward from A2 by factoring, you have that 
AA: (a—y)(a?+a2y+y’) =0. 


The desired result in B3 would follow from A5 provided that 27+ acy+y? 40, 
so it will now be shown that 


B4: 2? +ay+y? £0. 


Recognizing the keyword “not” in B4, the contradiction method is used, 
whereby, you can assume that 


A5 (NOT B4): 2? +2y+y? =0. 
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Thinking of A5 as a quadratic equation ax? + bx +c, in which a = 1, b = y, 
and c= y’, the quadratic formula yields 


Ab: x= yt y?—4y? yt 3y? 


2 2 


The only way that the value in A6 can result in a real value for x is if y = 0, 
in which case, x = 0. This, however, contradicts A3 and establishes B4, thus 
completing the proof. 


Proof. By definition, it must be shown that for all real numbers x and y with 
x#y, «> #y°%. To that end, let x and y be real numbers for which x? = y?, 
that is, x? — y? = 0. It will be shown that 2 = y. Note first that x = y when 
x = y =0, so you can also assume that either x 4 0 or y 4 0. Then, factoring 
x? — y? = 0, you have that (x — y)(x? + 2y+y7) = 0. The desired result that 
x = y would follow provided that x? + ry+y? #0. By contradiction, assume 
that 2? +ay+y? =0. Thinking of this as a quadratic equation ax? + br +c, 
in which a = 1, b= y, and c= y’, the quadratic formula yields 


—ypajy—4y? yb af —3y? 


CS 


2 2 


The only way that the foregoing expression can result in a real value for x 
is if y = 0 and hence x = 0. This, however, contradicts the fact that either 
x #0 or y #0 and so the proof is complete. O 


10.20 Analysis of Proof. By the contrapositive method, you can assume 


Al (NOT B): The quadrilateral RSTU is not a rectangle. 


You must then show that 


B1 (NOT A): There is an obtuse angle. 


The appearance of the quantifier “there is” in the backward statement B1 
suggests turning to the forward process to construct the obtuse angle. 
Working forward from Al, you can conclude that 


A2: At least one angle of the quadrilateral is not 90 degrees, 
say angle R. 


If angle R has more than 90 degrees, then R is the desired angle and the proof 
is complete. Otherwise, 


A3: Angle R has less than 90 degrees. 
Because the sum of all the angles in RSTU is 360 degrees, A3 means that 


AA: The remaining angles of the quadrilateral must add up to 
more than 270 degrees. 
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Among these three angles that add up to more than 270 degrees, one of them 
must be greater than 90 degrees, and that is the desired obtuse angle. The 
proof is now complete. 


Proof. Assume that the quadrilateral RSTU is not a rectangle, and hence, 
one of its angles, say R, is not 90 degrees. An obtuse angle will be found. 
If angle R has more than 90 degrees, then R is the desired obtuse angle. 
Otherwise the remaining three angles add up to more than 270 degrees. Thus 
one of the remaining three angles is obtuse, and so the proof is complete. 0 


10.21 Analysis of Proof. With the contrapositive method, you can assume 


Al (NOT B): There is a real number u < v such that wu is an 
upper bound for S. 


It must be shown that 


B1 (NOT A): There is a real number € > 0 such that, for every 
element x € S, x <vu—e. 


Recognizing the keywords “there is” in the backward statement B1, the con- 
struction method is used to produce the desired value of €. To that end, note 
that, according to B1, you want € to satisfy the property that all of S is to 
the left of vu —«. The following figure illustrates the relative positions of S, u, 
and v and also indicates how to construct e: 


5 


S uv 


From the foregoing figure, you can see that € > 0 should have the property 
that v —e > u. In particular, you can construct 


A2: €=v-—u. 


You can see that € = v—u > 0 because, from Al, v > u. According to B1, it 
remains to show that 


B2: For every element x € S,x7<v—e. 


You can see that this is the case in the foregoing figure. To make this formal, 
recognize the keywords “for every” in the backward statement B2 and use the 
choose method to choose 


A3: An element x € S, 
for which it must be shown that 
B3: «#<vu-e. 


To that end, work forward from the fact that u is an upper bound for S (see 
Al). Thus, by definition, 
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A4: For every element s € S,s <u. 


Recognizing the keywords “for every” in the forward statement A4, you can 
specialize this statement to s = x € S' (see A3) and so 


A5: x<u. 


The desired conclusion in B3 follows from A5 by noting that u = v — € (see 
A2), thus completing the proof. 


Proof. According to the contrapositive method, assume that there is a real 
number u < v such that u is an upper bound for S. It will be shown that 
there is a real number € > 0 such that for every element + € S, 7 < v—e. 
Specifically, let € = v—u > 0. It must be shown that, for every element x € S, 
x <vu-—e. To that end, let « € S. However, from the fact that u is an upper 
bound for S, it follows that « < u. The fact that x < v — € follows on noting 
that, by construction, u = v—e. The proof is now complete. 0 


10.22 Analysis of Proof. By the contrapositive method, you can assume 


Al (NOT B): «<0. 
It must be shown that 


B1 (NOT A): There is a real number € > 0 such that « < —e. 


Recognizing the keywords “there is” in the backward statement B1, the con- 
struction method is used to produce the desired € > 0. Turning to the for- 
ward process to do so, from Al, because x < 0, construct € as any value with 
0<e< —a. (Note that this construction is possible because —x > 0.) By 
design, € > 0 and, because € < —z2, it follows that x < —e. Thus «€ has all the 
needed properties in B1, and the proof is complete. 


Proof. Assume, to the contrary, that 2 < 0. It will be shown that there is a 
real number e > 0 such that « < —e. To that end, construct € as any value 
with 0 < « < —x (noting that this is possible because —a > 0). Clearly € > 0, 
and, because € < —x, x < —e, thus completing the proof. 0 


10.23 Analysis of Proof. With the contrapositive method, you can assume 


Al (NOT B): Ja real number ¢ > 0 such that, Vx eS, a <u-e. 
It must be shown that 


B1 (NOT A): uw is not a least upper bound for S. 


Applying the word “not” to the definition of a least upper bound, it must be 
shown that 


B2: Either wu is not an upper bound for S or else 4 an upper 
bound ¢ for S such that t < wu. 
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The latter is shown, that is, 


B3: J an upper bound ¢ for S such that t < u. 


Recognizing the keywords “there is” in the backward statement B3, the con- 
struction method is used to produce the value for t. 

To construct this value for t, work forward from Al, which is represented 
in the following figure: 


Ss u-€ U 


Because you want ¢t < u to be an upper bound for S, construct 
A2: t=u—e< _u (because € > 0 from Al). 

It remains to show that 
BA: ¢ is an upper bound for S. 

According to the definition, it must therefore be shown that 


B5: V elements x € S, xz <t. 


Recognizing the keywords “for all” in the backward statement B5, the choose 
method is used to choose 


A3: An element y € S, 
for which it must be shown that 
B6: y < t. 


You can establish B6 by specializing the for-all statement in Al to x = y, 
which is in S (see A3). The result is that 


A4: y<u-e. 


The result in B6 follows from A4 by noting that u—e = t (see A2), thus 
completing the proof. 


Proof. By the contrapositive method, you can assume that J a real number 
€ > 0 such that, V elements « € S, « < u—e. It will be shown that u is 
not a least upper bound for S. Specifically, it will be shown that 4 an upper 
bound t for S such that t < u. To that end, let t= w—e < u. It remains 
to show that ¢ is an upper bound for S. To see this, let y € S. According to 
the definition, it must be shown that y < t. However, from the fact that V 
elements « € S, x <u-—e, it follows that for the element y € S, 


ys<u-e=t. 
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It has now been shown that u is not a least upper bound for S$, thus completing 
the proof. O 


10.24 Analysis of Proof. This is a proof by the contrapositive method 
because the author assumes that 


NOT B: p is not prime 
and eventually shows that 


NOT A: There is an integer m with 1 <m < ,/p such that m|p. 


Recognizing the keywords “there is” in NOT A, the construction method is 
used to produce the value for the integer m. To do so, the author works 
forward from NOT B to claim that, because p is not prime, 


Al: There is an integer n with 1 <n < p such that n|p. 


The author now considers two possibilities: n < \/p and n > ,/p. In the 
former case, 


A2: n< /P, 
and the author constructs 

A3: m=n. 
This value for m in A3 is correct because, from Al and A2, 1 <n =m and 
m=n<  /p. Also, from Al, n|p and m =n, so m|p. 

In the latter case, 

A4: n> /p. 
To construct the value for m, the author works forward from Al and the 
definition of n|p to state that 

A5: There is an integer & such that p = nk. 


The author then constructs 
A6: m=k. 
The author shows that this value for m is correct by establishing that 


AT: 1<k<4/p. 


To do so, the author argues by contradiction that 1 < k. For otherwise, from 
A5, it would follow that p = nk < n, which cannot happen because, from Al1, 
n <p. Finally, k < \/p because otherwise, k > ,/p and then, since n > ,/p 
from A4, it would follow that nk > \/p,\/p = p, which cannot happen because, 
from A5, p = nk. Observe that the author omits noting that k|p, which is 
true because, from A5, p = nk. The proof is now complete. 0 
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10.25 Analysis of Proof. This is a contrapositive proof because the author 
assumes that 


Al (NOT B): T is bounded, 
and states that it will be shown that 


B1 (NOT A): S is bounded. 


To understand the rest of the proof, you must realize that the author has 
worked backward from B1 by asking the key question, “How can I show that 
a set (namely, S') is bounded?” The author answers this question using the 
definition, so, it must be shown that 


B2: There is a real number M > 0 such that, for all elements 
re S, |r| <M. 


Recognizing the keywords “there is” in B2, the author uses the construction 
method to produce the desired value of M. 

Turning to the forward process, from Al, by definition, the author states 
that 


A2: There is a real number M’ > 0 such that, for all elements 
te T, |t| <M’. 


The desired value for M in B2 is M’ > 0 from A2 (note that the author does 
not state this explicitly). According to the construction method, from B2 it 
remains to show that 


B3: For all elements x € S, |a| << M. 


Recognizing the keywords “for all” in the backward statement B3, the author 
uses the choose method to choose 


A3: An element x € S, 
for which it must be shown that 
BA: |x| < M. 


To that end, from the fact that S C T (as stated in the problem), the author 
uses the definition of subset to claim that 


A4: For every element s € S,s€T. 


Recognizing the keywords “for every” in the forward statement A4, the author 
specializes A4 to s =a € S (see A3) to conclude that 


A5: ceET. 


The statement in B4 results on specializing the for-all statement in A2 to 
t=x2€T (see A5 and note that M = M’), thus completing the proof. 


10.26 a. 
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The author is assuming NOT B and thus could be using the contra- 
diction or the contrapositive method. 

The author is working forward using the definition of a rational number 
to state that there are integers p and q with q 4 0 such that /a = p/gq. 
Multiplying both sides of \/a = p/q by q and then squaring both sides 
leads to the equation p? = aq?. To justify the statement that q?|p’, 
first note that p and q are integers and so p” and q? are also integers. 
Furthermore, a is an integer. Using the definition of “divides”, q?|p? 
if there is an integer k, such that p? = kq?. Because p? = aq’, you can 
see that k = a is such an integer. 

If x and y are integers for which xy”, then z|y. 

By showing that a = b?, the author has shown, by definition, that a is 
a square, which is NOT A. In other words, the author has assumed 
NOT B and demonstrated NOT A, thus completing the contraposi- 
tive method. 


11.1 a. 


11 


Solutions to Evercises 


Show that the lines y = ma +b and y = ca +d both pass 
through the points (21, y1) and (x2, y2). 

Conclude that y = ma + b and y = cx + d are the same line. 
Show that (71, y1) and (x2, y2) are solutions to the equations 
ax + by = 0 and cx + dy =0. 

Conclude that (x1, y1) = (©2, y2). 

Show that (a+ bi)(r + si) = (a+ bi)(¢+ ui) =1. 

Conclude that r+ st = t+ ut. 


Show that 2* and y* are both maximizers of ax? + bx + c, that 
is, for all real numbers z, az + bz +c < a(x*)? + br* +c and 
az? +bz+c< aly*)? +by* +c. 

Conclude that «* = y’*. 

Show that, for every real number x, f(F(x)) = F(f(x)) = a2 
and f(G(«)) = G(f(x)) = «. 

Conclude that F = G. 

Show that p > 0, pln, q > 0, q|n, and for every integer b > 0 
such that bln, b|p and dlq. 

Conclude that p= q. 
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11.3 a. 


11.4 a. 


i) 


ii) 


ii) 


ii) 


i) 


ii) 


ii) 


First, construct a line, say y = ma + 0, that goes through the 
two given points. Then assume that y = cx +d also passes 
through those two points. You must now work forward to show 
that these two lines are the same—that is, that m = c and 
b=d. 

First, construct a line, say y = max +b, that goes through 
the two given points. Then assume that a different line, say 
y = cx +d, also passes through those two points. You must 
now work forward to reach a contradiction. 

First, construct a solution, say (1, y1), to the system of equa- 
tions az + by = 0 and cx +dy = 0. Then assume that you have 
another solution to the equations, say (x2, y2). You must now 
work forward to show that (21, yi) = (x2, y2). 

First, construct a solution, say (71,41), to the two equations 
ax + by = 0 and cx + dy = 0. Then assume that you have a 
different solution, say (#2, y2) # (1, yi), to the two equations. 
You must now work forward to reach a contradiction. 

First, construct a complex number, say r + si, that satisfies 
(a+bi)(r+si) = 1. Then assume that you have another complex 
number, say t + ut, that also satisfies (a + bi)(t + ut) = 1. You 
must now work forward to show that r + si and t+ wi are the 
same—that is, that r+ si =t+ ut. 
First, construct a complex number, say r+ si, that satisfies (a+ 
bi)(r + si) = 1. Then assume that there is a different complex 
number, say t+ui 4 r+s?, that also satisfies (a+bi)(t+uz) = 1. 
You must now work forward to reach a contradiction. 


First, construct a maximizer, say «*, of av? + bx +c. Then 
assume that you have another maximizer, say y*, of az?+ba+ce. 
You must now work forward to show that «* = y*. 
First, construct a maximizer, say «*, of av? + bx +c. Then 
assume that you have a different maximizer, say y* 4 x*, of 
ax? + ba +c. You must now work forward to reach a contradic- 
tion. 

First, construct a function, say G, such that f(G(@)) = 
G(f(x)) = x. Then assume that there is a second function, 
say F’, such that f(F(x)) = F(f(x)) =x. You must now work 
forward to show that F = G. 

First, construct a function, say G, such that f(G(x)) = 
G(f(x)) = «. Then assume that there is a different function, 
say F # G, such that f(F(2)) = F(f(x)) = x. You must now 
work forward to reach a contradiction. 


11.5 
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i) First, construct an integer, say p > 0, such that p|n and for 
every integer b > 0 for which b|n, p|b. Then assume that there 
is another integer, say q > 0, that also satisfies g|/n and for every 
integer b > 0 for which b|n, q|b. You must then show that p = q. 

ii) First, construct an integer, say p > 0, such that p|n and for 
every integer b > 0 for which b|n, p|b. Then assume that there 
is a different integer, say q # p, with q > 0 that also satisfies 
q\n and for every integer 6 > 0 for which bln, q|b. You must 
then work forward to reach a contradiction. 


. The reason that the author does not first construct an object with the 


certain property is because this object (namely, u) is already given in 
the hypothesis of the proposition. 


. The proof uses the direct uniqueness method as the author demon- 


strates that u = v rather than assuming u # v and working forward 
to a contradiction. 


. The author is specializing the forward statement in the first sentence, 


namely, “for alla € S, x < v,” to the value of x = u € S and hence 
concludes that wu < v. 


. The author has successfully completed the direct uniqueness method 


by showing correctly that v = u. Specifically, given that u is one 
element of S' such that for all « € S, x < u, the author has correctly 
assumed that v is also an element of S such that for alla € S,a<v. 
The author has then reached the conclusion that u = v by showing 
that u<vandvu <u. 


11.6 Analysis of Proof. Recognizing the keyword “unique” in the conclu- 
sion, the direct uniqueness method is used. Accordingly, it is first necessary 
to construct a maximizer of the function az? +c. This has already been done 
in Exercise 5.15, so you know that 


Al: x =0 isa real number such that for every real number z, 


a(0)? +c> az? +e. 


To complete the direct uniqueness method, assume that 


A2: y is also a maximizer of the function, that is, for every real 


number z, ay? +c¢> az? +e. 


It must be shown that 


Bl: y=ax=0. 


Specializing the for-all statement in A2 to the value of z = 0, it follows that 


A3: ay? +c>a(0)?+c=e. 


Subtracting c from both sides of A3 and then dividing by a < 0 leads to 
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A4: y? <0. 
Now the only way that A4 can be true is if 
A5: y=0. 
The proof is now complete because A5 is the same as B1. 


11.7 Analysis of Proof. Recognizing the keyword “not” in the conclusion, 
the contradiction method is used, so you can assume the hypothesis and 


Al (NOT B): ad—bce=0. 


To reach a contradiction, you can work forward from the hypothesis that the 
equations ax + by = 0 and cx + dy = 0 have a unique solution to state that 


A2: Either c#0 ord £0. 


A contradiction to A2 is now established by showing c = 0 and d = 0. To 
that end, it is easy to verify from Al that 


A3: x =dandy = —cisa solution to the equations ax+by = 0 
and cz + dy =0,asisx=Oandy=0. 


By the forward uniqueness method, it must be that these two solutions are 
the same, that is, 


A4: c=0andd=0. 
Now A4 contradicts A2 and thus the proof is complete. 


11.8 Analysis of Proof. The direct uniqueness method is used, whereby 
one must first construct the real number y. This is done in Exercise 7.17, so 


Al: y <Oand x = 2y/(1+y). 


It remains to show the uniqueness by assuming that z is also a number with 


A2: z<Oand # = 2z/(14+2z). 
Working forward via algebraic manipulations, it will be shown that 
Bl: y=z. 
Specifically, combining Al and A2 yields 
A3: © = 2y/(1+y) = 22/(14 2). 
Dividing both sides of A3 by 2 and clearing the denominators, you have that 
A4: ytyz=2z+ yz. 
Subtracting yz from both sides of A4 yields the desired conclusion that y = z. 
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Proof. The existence of the real number y is established in Exercise 7.17. 
To show that y is unique, suppose that y and <z satisfy y < 0, z < 0, 
x = 2y/(1+y), and also x = 2z/(1+ z). But then 2y/(1+ y) = 2z/(14+ 2z) 
and so y+ yz =z+ yz, or, y = z, as desired. O 


11.9 Analysis of Proof. According to the direct uniqueness method, the 
first step is to construct an integer & such that b = ka. This integer k comes 
from the hypothesis that a|b, which, by definition, means that 


A1: There is an integer & such that b = ka. 


To show the uniqueness by the direct uniqueness method, you should now 
assume that 


A2: There is an integer m such that b = ma. 
It must be shown that 

Bl: k=™m. 
To that end, from Al and A2, you have that 

A3: ka = ma. 


B1 follows on dividing both sides of A3 by a (note that a ¥ 0 is given in the 
hypothesis), thus completing the proof. 


Proof. The fact that there is an integer k such that b = ka follows by 
definition from the hypothesis that alb. To see that k is the unique such 
integer, suppose that the integer m also satisfies b = ma. But then, ka = ma 
and, dividing both sides by a ¥ 0 yields the desired conclusion that k = m, 
thus establishing the uniqueness and completing the proof. O 


11.10 Analysis of Proof. According to the indirect uniqueness method, 
one must first construct a real number x for which mz + b = 0. But because 
the hypothesis states the m 4 0, you can construct 


Al: x =—b/m. 

This value is correct because 
A2: mz +b=m(—b/m) +b=—-b+b=0. 

To establish the uniqueness by the indirect uniqueness method, suppose that 
A3: y is areal number with y 4 x such that my + 6 = 0. 

A contradiction to the hypothesis that m #4 0 is reached by showing that 
Bl: m=0. 

Specifically, from A2 and A3, 
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A4; mx+b=my+0. 
Subtracting the right side of the equality in A4 from the left side and rewriting 
yields 

A5: m(a—y) =0. 


On dividing both sides of the equality in A5 by the nonzero number x — y (see 
A3), it follows that m = 0. This contradiction establishes the uniqueness. 


Proof. To construct the number x for which ma +b = 0, let ¢ = —b/m 
(because m # 0). Then ma + b = m(—b/m) +b=0. 

Now suppose that y £ x and also that my+6 = 0. Then maz+b = my+5, 
and so m(a — y) = 0. But because x — y # 0, it must be that m = 0. This 
contradicts the hypothesis that m 4 0 and completes the proof. DO 


11.11 Analysis of Proof. The first step is to construct an integer n such 
that 2n? —3n—2 = 0. By factoring, you have 2n? —3n—2 = (2n—4)(n+ $4), 
so 


Al: n= 2 is an integer for which 2n? — 3n —2=0. 
According to the indirect uniqueness method, you should now assume that 

A2: m # nis also an integer for which 2m? — 3m — 2 = 0. 
Combining Al and A2, it follows that 

A3: 2m?—3m—2 = 2n?—3n—2, or, 2(m? —n”)—3(m—n) =0. 
Factoring out the term m—n, you have 

A4: (m—n)(2(m+n) — 3) =0. 
Dividing both sides of A4 by m — n 4 0 (see A2), you have 

A5: 2(m+n) —3=0, that is, 3 = 2(m+n). 


But A5 provides the contradiction that 3 is both odd and even. This completes 
the indirect uniqueness method and hence the proof. 


Proof. It is easy to see that n = 2 satisfies 2n? — 3n — 2 = 0. To see that 
this is the unique such value, suppose that m is an integer with m 4 n such 
that 2m? — 3m — 2 = 0. It then follows that 2m? — 3m — 2 = 2n? — 3n — 2. 
Applying algebra yields (m — n)(2(m +n) — 3) = 0. Dividing both sides of 
this equality by m — n 4 0 results in 3 = 2(m+n), which says that 3 is both 
odd and even. This contradiction completes the proof. 0 


11.12 Analysis of Proof. The issue of existence is addressed first. To 
construct the complex number c+ di that satisfies (a+bi)(c+di) = 1, multiply 
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the two terms using complex arithmetic to obtain 


ac—bd=1, and 
be + ad = 0. 


Solving these two equations for the two unknowns c and d in terms of a and 
b leads you to construct c = a/(a? + 6?) and d = —b/(a? + 6?) (noting that 
the denominator is not 0 because, by the hypothesis, at least one of a and b 
is not 0). To see that this construction is correct, note that 


Al: (a+ bi)(c+dt) = (ac—bd) + (bc+ad)i 
7 Kat + b*)/(a? + 6*)] + 0% 


To establish the uniqueness, suppose that e+ fz is also a complex number 
that satisfies 


A2: (e+ fi)(a + bi) =1. 
It will be shown that 


Bl: c+di=e+ fu. 


Working forward by multiplying both sides of the equality in Al by e+ fi 
and using associativity yields 


A3: [(e+ fi)(a + bi)|(c + di) = (e + fi). 


Because (e+ fi)(a + bi) = 1 from A2, it follows from A3 that c+ di = e+ fi, 
and so B1 is true, completing the proof. 


Proof. Because either a 4 0 or b 4 0, a? + b? # 0, and so it is possible 
to construct the complex number c + di in which c = a/(a? + b?) and d = 
—b/(a? +7), for then 


(a + bi)(c + di) = (ac — bd) + (bc +. ad)i = 1. 


To see the uniqueness, assume that e+ fi also satisfies (a + bi)(e + ft) = 1. 
Multiplying the foregoing displayed equality through by e + fz yields 


[(e + fi)(a + bi)|(c+ di) =e +4 fi. 


Using the fact that (a + bi)(e+ fi) = 1, it follows that c+ di = e+ fi and so 
the uniqueness is established. O 


11.13 Analysis of Proof. Not recognizing any keywords in the hypothesis 
or the conclusion, the forward-backward method is used to begin the proof. 
A key question associated with the conclusion is, “How can I show that a 
function (namely, f) is one-to-one?” Using the definition, one answer is to 
show that 
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B1: For all real numbers x and y with « 4 y, f(x) 4 f(y). 


Recognizing the keywords “for all” in the backward statement B1, the choose 
method is used to choose 


A1: Real numbers s and t with s 4 t, 
for which it must be shown that 


B2: f(s) # f(t). 


Recognizing the keyword “not” in the backward statement B2, the contra- 
positive method is used to prove that “Al implies B2.” Accordingly, you can 
assume that 


A2 (NOT B2): f(s) = f(t). 
You must show that 
B3 (NOT A1): s=t. 


Working forward, you can specialize the for-all statement in the hypothesis 
to y = f(s) to claim that 


A3: There is a unique value of x such that f(a«) = f(s). 
You can see that both = s and x = t satisfy f(x) = f(s) (see A2) and so, 
by the forward uniqueness method, it must be that 

AA: s=t. 
The proof is now complete because A4 is the same as B3. 
Proof. Let s and t be two real numbers with f(s) = f(t). It will be shown 
that s = t. However, both « = s and « = ¢t satisfy f(x) = f(s). Thus, from 


the hypothesis that for each real number y there is a unique real number x 
such that f(x) = y, it follows that s =¢ and so the proof is complete. 0 


12.1 a. 


12 


Solutions to Evercises 


Applicable. 

Not applicable because the statement contains the quantifier “there 
is” instead of “for all.” 

Applicable. 


d. Applicable. 


Not applicable because in this statement, n is a real number, and 
induction is applicable only to integers. 


12.2 The reason you can assume that P(n) is true is because, in Step 2 of 
induction, you must show that, “If P(n) is true, then P(n +1) is true.” When 
proving that, “If A is true, then B is true,” you can assume that A is true. 
Thus, for Step 2 of induction, you can assume that P(n) is true. 


12.3 a. 


The time to use induction instead of the choose method to show 
that, “For every integer n > no, P(n) is true” is when you can relate 
P(n) to P(n—1), for then you can use the induction hypothesis that 
P(n-—1) is true, and this should help you establish that P(n) is true. 
If you were to use the choose method, you would choose 

Al: An integer n > no, 
for which it must be shown that 

B1: P(n) is true. 


With the choose method, you cannot use the assumption that 
P(n— 1) is true to do so. 


123 
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b. It is not possible to use induction when the object is a real number 
because showing that P(n) implies P(n+1) “skips over” many values 
of the object. As a result, the statement will not have been proved 
for such values. 


12.4 For Step 1 of induction, you must show that, “If A(1) is true, then B(1) 
is true.” To do so, you can assume that A(1) is true and must show that B(1) 
is true (perhaps by using the forward-backward method). 
For Step 2 of induction, you can assume that 

P(n): If A(n) is true, then B(n) is true. 
You must show that 

P(n+1): If A(n +1) is true, then B(n + 1) is true. 
Looking at the form of P(n + 1), you should proceed by assuming that 

C: A(n+ 1) is true. 


You must then show that 
D: B(n +1) is true. 


The idea now is to relate A(n +1) to A(n) so that you can use P(n) to 
conclude that B(n) is true. That, in turn, should help you to reach the 
desired conclusion in D that B(n + 1) is true. 


12.5 a. Verify that P(n) is true for the initial value of n = no. Then, as- 
suming that P(n) true, prove that P(n — 1) is true. 

b. Verify that P(n) is true for some integer np. Assuming that P(n) is 

true for n, prove that P(n +1) is true and that P(n—1) is also true. 


12.6 The approach is to prove by induction that, for every integer k > 1, 
P(2k — 1) is true. Specifically, you must first show that for k = 1, P(1) is 
true. You would then assume that P(2k — 1) is true and show that P(2k+ 1) 
is true. 


12.7 Proof. First it must be shown that P(n) is true for n = 1. Replacing 
n by 1, it must be shown that 1(1!) = (1+1)!—1. But this is clear because 
1(1!) =1=(1+2)!-1. 

Now assume that P(n) is true and use that fact to show that P(n + 1) is 
true. So assume 


P(n): L(1!)+---+ n(n!) = (n+ 1)!- 1. 
It must be shown that 


P(n + 1): 10!) +---4+(n+1)(n4+1)! = (n+ 2)!- 1. 
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Starting with the left side of P(n + 1) and using P(n): 


[ | 

= [(n ! \(n+ 1)! (P(n) is used here.) 
= (n+1)![1+(n4+1)]-1 

= (n+1)!(n+2)-1 

= 40-1 o 


12.8 Proof. It must first be shown that P(1) is true, that is, 2'~! = 21-1. 
This is clearly true because both sides evaluate to 1 and are therefore equal. 
To complete the proof, assume that 


P(k): 1+2'4---+2*-1=2*—-1. 
It must be shown that 

P(k+1): 14+ 214---42* = 2*41 _ 1, 
Starting with the left side of P(k + 1), you have that 


142'4---+2% = (142'4---4+2*-1)+2* (grouping terms) 
= (2*-1)4+2* (induction hypothesis) 
gk+1_ 4 (algebra). 


This completes the proof. O 


12.9 Proof. First it is shown that P(n) is true for n = 5. But 2° = 32 and 
5? = 25, so 2° > 5? and so P(n) is true for n = 5. Assuming that P(n) is 
true, you must then prove that P(n +1) is true. So assume 

P(n): 2" > n?. 
It must be shown that 

P(n + 1): 2"*1? > (n+1)?. 


Starting with the left side of P(n +1) and using the fact that P(n) is true, 
you have: 

ea Aa eC Be 
To obtain P(n + 1), it must still be shown that for n > 5, 2n? > (n+ 1)? = 
n? +2n-+1, or, by subtracting n?+2n—1 from both sides and factoring, that 
(n—1)? > 2. This last statement is true because, for n > 5, (n—1)? > 4? = 
16>2. O 


12.10 It must first be shown that P(1) is true, that is, 1/1! < 1/2'~!. This 
is true because both sides evaluate to 1. Assume now that 


P(n): 3 S pet. 
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It must be shown that 


P(n+1): wa SS oe 


Starting with the left side of P(n + 1), you have that 


| 
— 
S|r 
“—" 
7 ™~ 
: 
a 
4H 
BPN + 


wa (definition of (n + 1)!) 
< (547) (<4) (induction hypothesis) 
< (ge) (3) ee 1) < 1/2) 


ar algebra). 


This completes the proof. O 


12.11 Proof. Let $X be the principal investment, $X,, be the total capital 
after n years of investment at an annual interest rate of i%, and r = a 
It must first be shown that P(n) is true for n = 0, but this is true because 
$Xo =$X =$(14+7r)°X. For the second step of induction, assume that 


P(n): $X, =$(1+1r)"X. 
It must be shown that 
P(n41): $Xnyi =$(1+r)"t'X. 
Starting with the left side of P(n + 1), you have that 


$Xn41 = $(L4+7r)Xn (X,, + annual interest) 
= $(1+r)[(1+r)"X] (induction hypothesis) 
= $(1+r)""1X (algebra). 


This completes the proof. O 


12.12 Proof. The statement is true for n = 1 because the subsets of a set 
consisting of one element, say x, are {x} and 0); that is, there are 2) = 2 
subsets. Assume that, for a set with n elements, the number of subsets is 2”. 
It will be shown that, for a set with n+ 1 elements, the number of subsets 
is 2”*'. For a set S with n +1 elements, one can construct all the subsets 
by listing first all those subsets that include the first n elements, and then, 
to each such subset, one can add the last element of S. By the induction 
hypothesis, there are 2” subsets using the first n elements. An additional 2” 
subsets are created by adding the last element of S$ to each of the subsets of 
n elements. Thus the total number of subsets of 9 is 2? +2” = 2"+1, and so 
the statement is true forn+1. 0 


12.13 It must first be shown that (1+)? > 1+2z. This is true because the 
left side expands to 1+ 2x+ 27 >1+2z asx #40. Assume now that 


P(n): (l+2)" >1l+nze. 
It must be shown that 
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P(n+1): (14+ a7)"*'>1+(n+4+1)z. 
Starting with the left side of P(n + 1), you have that 


(l+a)?tt (l+2)[((1+2)"] (factor out 14 2) 


( 

(l+a)(1+nz) — (induction hypothesis) 
( 
( 


1+a2+nzr+nz? (algebra) 
1+(l4n)a x«#O0andn> 1). 


ViVi 


This completes the proof. O 


12.14 It must first be shown that P(2) is true, that is, Cy M C2 is a convex 
set. This is done in Exercise 6.19. For Step 2 of induction, assume that 


P(n): M,C; is a convex set. 
It must be shown that 
P(n+1): N74'C; is a convex set. 


Now giana oe = ML,C;NChr41. Using the induction hypothesis, it follows that 
nt, Ci = Sis a convex set. As demonstrated in Exercise 6.19, the intersection 
of two convex sets is a convex set. So, An CG; = S$MCpy+41 is a convex set. 
This completes the proof. O 


12.15 Proof. Let 
Sa=1+2+-4+n. 


Then 
S=n+(n—-1)+---4+1. 


On adding the two foregoing equations, one obtains 


25 =n(n+1), that is, S=n(n+1)/2. O 


12.16 Proof. The key is to reword the problem so that induction is appro- 
priate. Specifically, you want to prove that for every integer n > 1, 


P(n): A machine that has 2n candies consisting of an odd number 
of caramel candies and an odd number of chocolate candies 
eventually dispenses a pair consisting of one of each type 
of candy. 


Proceeding by induction, when n = 1, it must be that the machine only has 
1 caramel candy and 1 chocolate candy. Thus, the machine can only dispense 
one pair which, of necessity, consists of one type of each and so the statement 
is true for n = 1. 

Assume now that P(n) is true. Then, for n+ 1, it must be shown that 
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P(n+1): A machine that has 2n + 2 candies consisting of an 
odd number of caramel candies and an odd number 
of chocolate candies eventually dispenses a pair con- 
sisting of one of each type of candy. 


To relate P(n + 1) to P(n), consider the first pair of candies dispensed. If 
this pair consists of one of each type, then P(n + 1) is true. Otherwise, this 
pair consists of two candies of the same type. In this case, the machine has 
2n remaining candies still consisting of an odd number of caramel candies and 
an odd number of chocolate candies. Hence, the induction hypothesis applies 
and so the machine eventually dispenses a pair consisting of one of each type 
of candy. Thus, P(n + 1) is true and the proof is complete. O 


12.17 Proof. For n = 1 the statement becomes: 
P(1): [cos(x) + isin(x)]' = cos(1x) + isin(12). 


Now P(1) is true because both sides evaluate to cos(a) + isin(«). 
Now assume the statement is true for n — 1, that is: 


P(n — 1): [cos(x) + isin(x)]"~! = cos((n — 1)x) + isin((n — 1)z). 
It must be shown that P(n) is true, that is: 

P(n): [cos(x) + isin(x)]” = cos(nx) +isin(nx). 
Using P(n — 1) and the facts that 


cos(a+6) =  cos(a)cos(b) — sin(a) sin(b), 
sin(a+6) = sin(a)cos(b) + cos(a) sin(b), 


starting with the left side of P(n), you have: 
[cos(a) +isin(x)]” = [cos(x) + isin(x)]"~*[cos(x) + isin(«)] 
[cos((n — 1)x) + isin((n — 1)x)][cos(x) + isin(z)] 
= |cos((n — 1)a) cos(a) — sin((n — 1)a) sin(«)]+ 
i[sin((n — 1)z) cos(x) + cos((n — 1)z) sin(z)] 
= cos(nz) +isin(nz). 


This establishes that P(n) is true, thus completing the proof. O 


12.18 Proof. Let n > 2 be the number of people in line. If n = 2, then the 
line consists of only two people, the first of which is a woman and the last of 
which is a man. Thus, there is a man standing behind a woman and so the 
statement is true for n = 2. 

Assume now that the statement is true for n, that is, 


P(n): In a line of n people in which the first is a woman and the 
last is a man, there is a man standing directly behind a 
woman somewhere in the line. 


SOLUTIONS TO EXERCISES IN CHAPTER 12 129 


For n+ 1, it must be shown that 


P(n+1): Ina line of +1 people in which the first is a woman 
and the last is a man, there is a man standing directly 
behind a woman somewhere in the line. 


Consider, therefore, a line of n+ 1 people in which the first is a woman and 
the last isa man. To relate P(n +1) to P(n), consider the second person in 
line. If that person is a man, then that man is standing behind the woman in 
the front of the line and so P(n + 1) is true. If, however, the second person 
in line is a woman, then consider the line from that second woman to the 
end. This line then consists of n people, the first of which is a woman and the 
last of which is a man. In this case, the induction hypothesis applies and so 
somewhere there is a man standing behind a woman and so P(n + 1) is true, 
thus completing the proof. 0 


12.19 The author relates P(n + 1) to P(n) by expressing the product of 
the n terms associated with the left side of the equality in P(n + 1) to the 
product of the n terms associated with left side of the equality in P(n) and 
one additional term—specifically, 


fhO-8) = 1-8) @-a4e) 


_—_—_—S__—_——" — 
left side of P(n+1) left side of p(n) °xtt@ term 


The induction hypothesis is used when the author subsequently replaces 
n 


I] (1 — 74), which is the left side of P(n), with 4*, which is the right 
=2 
side of P(n). 


12.20 The author relates P(n +1) to P(n) by using the product rule of 
differentiation to express 


[(a”)' = (@)"(a") + aan’, 
The author then uses the induction hypothesis to replace (x2”)’ with nxz”~?. 


12.21 The author relates P(n + 1) to P(n) by expressing the product of 
n+ 1 terms as the product of the first n terms times the term (1 — %n441). 
Specifically, 


(1 — a3)(1 — aa) ++-(1— angi) = [(1 — 21)(1 — 22) ++ (1— arn)] (1 — tnt) 
a oe Ne 
left side of P(n+1) left side of P(n) extra term 


The author then uses the induction hypothesis to make the claim that 
(1-21) (l—@)---(l—a,) > 1L—-a1 —--++— ap. 
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2 
12.22 a. Va? +a3 =a} 4 23 and (|a1| + |xe|)? = |ar|? + |x|? + 2|z1||ae| > 
|z1|? + |x|? because 2|24||x2| > 0. Therefore \/x? + 22 < |xi| + |zoI. 
b. In part (a), it was shown that for all real numbers x; and 2g, 
xy +25 < |a1|+|r2|. Specializing this for-all statement with x, = z 

and £2 = %n41, it follows that ,/z? + 224, < |z|+ |@n4il. 

c. This is true by the induction hypothesis. 

12.23 a. Recognizing the keywords “for any” in the conclusion, the author is 


using the choose method to choose a real number z. 

Recognizing the keywords “for all” in the hypothesis, the author is 
applying specialization to the real number x that was chosen in the 
first sentence and to the point 7.. 

The inequality results by specializing the statement, “for all real num- 
bers x and y, | f(x) — f(y)| < alx—y|” in the hypothesis to the values 
x = f(a) and y = x, to obtain |f(f" (o)) — f(ws)| < al f"(ao) —asl. 


d. This is true by the induction hypothesis. 


12.24 The mistake occurs in the last sentence, where it states that, “Then, 
because all the colored horses in this (second) group are brown, the uncolored 
horse must also be brown.” How do you know that there is a colored horse 
in the second group? In fact, when the original group of n+ 1 horses consists 
of exactly 2 horses, the second group of n horses does not contain a colored 
horse. The entire difficulty is caused by the fact that the statement should 
have been verified for the initial integer n = 2, not n = 1. This, of course, 
you will not be able to do. 


12.25 The proof is incorrect because when n = 1 and r = 1, the right side 
of P(1) is undefined because you cannot divide by zero. A similar problem 
arises throughout the rest of the proof. 


12.26 An error arises in the proof of the case when n = 2. In particular, 
when 


Al: zyEeS, US», andoO<t< 1, 


the author claims that because S$; is convex, ty +(1—t)y € $1. This, however, 
is not correct. To see why, note that you do know that 5S; is convex, so, by 
definition, 


A2: For all real numbers u,v € 5S; and for all real numbers s 
with O<s<1, su+(1l—sve€ 5}. 


The author has specialized A2 to u = xz, v = y, and s = t (and hence 
reached the conclusion that ta + (1 —t)y € Sj, as stated by the author). 
However, you cannot apply specialization in this case because you do not 
know that x,y € $1. That is, just because x,y € $1; U S2 (from A1), it does 
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not follow that x,y € $1. Thus, the author is not justified in specializing A2 
and therefore cannot conclude that tz + (1—t)y € $;. The author makes the 
same mistake when claiming that ta + (1— t)y € Sb. 


12.27 It is straightforward to see that the statement is true for n = 1 because 
for k = 3, you have f3(1) = f?(4) = f'(2) =1. A difficulty arises in trying to 
prove that if P(n) is true, then P(n +1) is true. Specifically, it is challenging 
to relate P(n +1) to P(n) (or to P(j), for some integer j with 1 < j <n). 


15 


Solutions to Evercises 


. alb and bla implies either a = b or a = —b. 
. Either x > 3 or x < —3. 


Hither « =0 or y=0. 


. Hither z€ Sor zeT. 


. This means that C cannot be true and hence, from Table 1.1, that 


“C implies B” is true. Thus, to complete the proof, you now need 
to do the second case by showing that “D implies B.” 


. This situation arises when the author recognizes that x > 2 anda <1 


is an impossibility and so goes on to finish the proof by assuming the 
other half of the either/or statement, namely that x < 2 and x > 1. 


. To apply a proof by elimination to the statement, “If A, then C OR 


D OR E,” you would assume that A is true, C is not true, and D is 
not true; you must conclude that EF is true. (Alternatively, you can 
assume that A is true and that any two of the three statements C, 
D, and E are not true; you would then have to conclude that the 
remaining statement is true.) 


. To apply a proof by cases to the statement, “If C OR D OR E, then 


B,” you must do all three of the following proofs: (1) “If C, then 
B,” (2) “If D, then B,” and (3) “If B, then B.” 
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13.4 a. You should use a proof by cases. This is because, with the con- 
tradiction method, you assume A and NOT (C AND D), that is, 
(NOT C) OR (NOT D). The appearance of the keyword “or” in 
the forward process now suggests using a proof by cases. 
b. You should use a proof by cases. This is because, with the contradic- 
tion method, you assume that A is true and that NOT [(NOT C) 
AND (NOT D)], that is, C OR D. The appearance of the keyword 
“or” in the forward process now suggests using a proof by cases. 


13.5 The author uses a proof by cases when the following statement contain- 
ing the keywords “either/or” is encountered in the forward process: 

Al: Either (2 < 0 and «— 35> 0) or (a > O and «—-3 <0). 
Accordingly, the author considers the following two cases: 


Case 1: « < 0 and x—3 > 0. The author then observes that this cannot 
happen and so proceeds to Case 2. 


Case 2: x > 0 and x—3 < 0. The author then reaches the desired conclusion. 


13.6 The author uses a proof by cases when the following statement contain- 
ing the keywords “either/or” is encountered in the forward process: 


Al: Either the factor b is odd or even. 
Accordingly, the author considers the following two cases: 


Case 1: The factor b is odd. The author then works forward from this 
information to establish the contradiction that the left side of equation (2) is 
odd and yet is equal to the even number 2. 


Case 2: The factor b is even. The author claims, without providing details, 
that this case also leads to a contradiction. 


13.7 The author uses a proof by cases when the following statement contain- 
ing the hidden keywords “either/or” is encountered in the forward process: 


Al: c= ae (so, either 7 = ab+(b—2a) orz = patel i 
Accordingly, the author considers the following two cases: 


Case 1: x = 24 The author then works forward and reaches a 
contradiction and proceeds to Case 2. 


—b—(b—2a) 


Case 2: x = > 


conclusion. 


The author works forward to reach the desired 
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13.8 The author uses a proof by cases when the following statement contain- 
ing the keywords “either/or” is encountered in the forward process: 


Al: Either n +1 is prime or n+ 1 is not prime. 


Accordingly, the author considers the following two cases: 


Case 1: n+ 1 is prime. In this case, n + 1 is the product of primes, namely, 
itself and so the proof is complete. 


Case 2: n+ 1 is not prime. In this case, the author uses this fact to express 
n+ 1 as the product of a prime p and an integer q to which the induction 
hypothesis can be applied to complete the proof. 


13.9 The author uses a proof by elimination because the conclusion contains 
the keywords “ either/or,” as follows: 


B: Either C:a40 or D:b#40. 
Accordingly, the author assumes the hypothesis A and, in this proof, that 
Al (NOT C): a=0. 


This is evidenced in the sentence, “If a = 0, then —bd = 1.” With a proof by 
elimination, the author must then work forward to reach the statement 


B1 (D): 640. 
Indeed, in the last sentence of the proof, the author states that B1 is true. 


13.10 a. If « is a real number that satisfies 2? + 3x”? — 92 — 27 > 0, then 
x<-3o0rz>3. 
b. Analysis of Proof. With this proof by elimination, you assume 
that 


A: a?+ 3a? — 92 — 27> 0 and 
Al (NOT C): «> -3. 


It must be shown that 
B1 (D): x > 3, that is, -—3>0. 
By factoring A, it follows that 
A2: 23 + 32? — 92 — 27 = (x — 3)(x +3)? > 0. 


From Al, because x > —3, (x+3)? is strictly positive. Thus, dividing 
both sides of A2 by (a + 3)? yields B1 and completes the proof. 


Proof. Assume that 2° + 3x? — 9x — 27 > 0 and x > —3. Then 
it follows that 2° + 3x2? — 9x — 27 = (x — 3)(x + 3)? > 0. Because 
x > —3, (x + 3)? is positive, so « — 3 > 0, or equivalently, x > 3. O 
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13.11 Analysis of Proof. With this proof by elimination, you assume that 


A: «+ 3a? — 92 —27> 0 and 
Al (NOT D): «<3. 


It must be shown that 
Bl (C): «<—3. 
By factoring A, it follows that 
A2: a? + 3a? — 9x — 27 = (a — 3)(a + 3)? > 0. 
Dividing both sides of A2 by « — 3 < 0 (from A1) yields 
A3: (4 +3)? <0. 
Because (a +3)? is also > 0, from A3, it must be that 


AA: (x + 3)? =0, sox+3=0, that is, c = —3. 
Thus B1 is true, completing the proof. 


Proof. Assume that x? + 3x? — 92 — 27 > 0 and x < 3. Then it follows that 
x? + 327 — 9x — 27 = (x — 3)(x + 3)? > 0. Because x < 3, (x +3)? must be 0, 
soz+3=0, that is, = —3. Thus, x < —3, completing the proof. 0 


13.12 Analysis of Proof. Observe that the conclusion can be written as 


B: Either a = b ora=—b. 


The keywords “either/or” in the backward process now suggest proceeding 
with a proof by elimination, in which you can assume the hypothesis and 


Al: aFb. 
It must be shown that 
B1: a=-—b. 
Working forward from the hypotheses that a|b and bla, by definition: 


A2: There is an integer k such that b = ka. 
A3: There is an integer m such that a = mb. 


Substituting a = mb in the equality in A2 yields: 
A4: b=kmb. 


If b = 0, then, from A3, a = 0 and so B1 is clearly true and the proof is 
complete. Thus, you can assume that b 4 0. Therefore, on dividing both 
sides of the equality in A4 by b you obtain: 


A5: km=1. 
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From A5 and the fact that k and m are integers (see A2 and A3), it must be 
that 
A6: Either (k = 1 and m = 1) or (k = —1 and m= -1). 


Recognizing the keywords “either/or” in the forward statement A6, a proof 
by cases is used. 


Case 1: k = 1 and m = 1. In this case, A2 leads to a = b, which cannot 
happen according to Al. 


Case 2: k = —1 and m = —1. In this case, from A2, it follows that a = —b, 
which is precisely B1, thus completing the proof. 


Proof. To see that a = +b, assume that alb, bla, and a 4 b. It will be shown 
that a = —b. By definition, it follows that there are integers & and m such 
that b = ka and a = mb. Consequently, b = kmb. If b = 0, then a = mb = 0 
and so a = —b. Thus, assume that b 4 0. It then follows that km = 1. 
Because k and m are integers, it must be that k =m =1 ork =m=-1l. 
However, because a # 0, it must be that k = m = —1. From this it follows 
that a = mb = —b, and so the proof is complete. O 


13.13 Analysis of Proof. Working forward from the hypothesis you have 


Al: n=lorn=2orn> 2. 


Recognizing the keywords “either/or” in the forward statement Al, a proof 
by cases is used. 


Case 1: n = 1. In this case, n = 17, so n is a square and hence the conclusion 
is true. 


Case 2: n = 2. In this case, n is prime and again the conclusion is true. 
Case 3: n > 2. For this case, it must be shown that 
B1: n is prime, or n is a square, or n divides (n — 1)!. 


Recognizing the keywords “either/or” in the backward statement B1, a proof 
by elimination is appropriate, so, assume that 


A2: n is not a prime and n is not a square. 
It must be shown that 
B2: n divides (n — 1)!. 
Working backward from B2 by definition, it must be shown that 


B3: There is an integer k such that (n — 1)! = kn. 
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Recognizing the keywords “there is” in B3, the construction method is used 
to produce the integer k. 
Turning to the forward process, from A2, because n > 2 is not prime, 


A3: There are integers a and b withl<a<nandl<b<n 
such that n = ab. 


Also, working forward from A2, because n is not a square, 
A4: aF#b. 

Combining A3 and A4, it follows that 
A5: 2<a4#b<n-l1. 

Indeed, this means that 


A6: a and b are two different terms of (n — 1)(n — 2)---1 = 
(n—I1)!. 


Thus, from A6 and A3, 
A7: (n—1)! = ab x (the remaining terms of (n — 1)!) = 
n x (the remaining terms of (n — 1)!). 


From A7, you can see that the desired value for the integer k in B3 is k = 
the remaining terms of (n — 1)!. The result in A7 establishes that this is the 
correct value of & and thus completes the proof. 


13.14 Analysis of Proof. The appearance of the keywords either/or in the 
hypothesis suggest proceeding with a proof by cases. 


Case 1. Assume that 
Al: alb. 

It must be shown that 
B1: al(bc). 


B1 gives rise to the key question, “How can I show that an integer (namely, 
a) divides another integer (namely, bc)?” Applying the definition means you 
must show that 


B2: There is an integer k such that bc = ka. 


Recognizing the keywords “there is” in B2, you should use the construction 
method to produce the desired integer k. Working forward from A1 by defi- 
nition, you know that 


A2: There is an integer p such that b = pa. 
Multiplying both sides of the equality in A2 by c yields 
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A3: bc = cpa. 
From A3, the desired value for k in B2 is cp, thus completing this case. 
Case 2. In this case, you should assume that 

Al: alc. 
You must show that 

B1: a|(bc). 


The remainder of the proof in this case is similar to that in Case 1 and is not 
repeated. 


Proof. Assume, without loss of generality, that a|b. By definition, there is 
an integer p such that b = pa. But then, bc = (cp)a, and so a|(bc). O 


13.15 Analysis of Proof. Recognizing the keywords “either/or” in the 
conclusion, a proof by elimination is used. Accordingly, you can assume that 


Al: 4|n. 
It will be shown that 
Bl: 4|(mn). 


B1 gives rise to the key question, “How can I show that an integer (namely, 4) 
divides another integer (namely, mn)?” By definition, the answer is to show 
that 


B2: There is an integer k such that mn = 4k. 


Recognizing the keywords “there is” in the backward statement B2, the con- 
struction method is used to produce the desired integer k. 
Working forward from A1, by definition, 


A2: There is an integer p such that n = 4p. 
Multiplying both sides of the equality in A2 by the integer m, you have that 
A3: mn = 4mp. 


It is easy to see from A3 that the desired integer k in B2 is k = mp and so 
the proof is complete. 


Proof. Suppose that the integer n satisfies 4/n. By definition, there is an 
integer p such that n = 4p. Thus, mn = 4mp and so 4|(mn), completing the 
proof. O 
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13.16 Analysis of Proof. A key question associated with the conclusion is, 
“How can I show that a set (namely, (SMT)°) is equal to another set (namely, 
S°UT*)?” Answering this question by definition means you must show that 


Bl: (SMT) C S°UT® and S°UT* C (SNT)’. 


A key question associated with the first part of B1 is, “How can I show that a 
set (namely, (SNT)°) is a subset of another set (namely, S°UT‘)?” Answering 
this question by the definition means you must show that 


B2: For all elements x € (SNT)°, x € S°UT®. 


Recognizing the keywords “for all” in the backward statement B2, the choose 
method is used to choose 


Al: An element x € (SNT)°, 
for which it must be shown that 
B3: « € SCUT®. 


A key question associated with B3 is, “How can I show that an element belongs 
to the union of two sets (namely, S° and T°)?” By definition of union, you 
must show that 


B4: Either x € S® or x €T®. 


Recognizing the keywords “either/or” in the backward statement B4, a proof 
by elimination is appropriate. Accordingly, you should assume that 


A2: « ¢ S°, that is, xe S. 

Working forward from Al and A2, you must show that 
B5: « € T°, that is, 7 ¢ T. 

Working forward from A1, by definition of the complement, you have that 
A3: c¢€SNT, that is,c¢Sorx ET. 


Recognizing the keywords “either/or” in the forward statement A3, a proof 
by cases is appropriate. Accordingly, 


Case 1: « ¢ S. This case, however, cannot happen because, from A2, you 
know that x € S. 


Case 2: x ¢ T. In this case, B5 is true and this part of the proof is now 
complete. 


From B1, it remains to show that 


B6: S°UTS C (SNT)*. 
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A key question associated with B6 is, “How can I show that a set (namely, 
S°UT*) is a subset of another set (namely, (SNT)°)?” Answering this question 
by the definition means you must show that 


B7: For all elements x € SCUT®, rE (SNT)°. 


Recognizing the keywords “for all” in the backward statement B7, the choose 
method is used to choose 


A4: An element 7 € S°UT®, 
for which it must be shown that 
B8&: cE (SNT)°. 


A key question associated with B8 is, “How can I show that an element 
belongs to the complement of a set (namely, (S 1 7T)°)?” By definition of 
complement, you must show that 


B9: cZ ST, that is, xc ¢Sorv¢€T. 


Recognizing the keywords “either/or” in the backward statement B9, a proof 
by elimination is appropriate. Accordingly, you should assume that 


A5: reES. 
Working forward from A4 and A5, you must show that 


B10: « ZT. 
Working forward from A4, by definition of the union, you have that 


A6: ce Sforxe TT”. 


Recognizing the keywords “either/or” in the forward statement A6, a proof 
by cases is appropriate. Accordingly, 


Case 1: x € S°, that is, x ¢ S. This, however, cannot happen because from 
A5, you know that x € S. 


Case 2: x € T°, that is, x ¢ T. In this case, B10 is true. 


The proof is now complete because it has been shown that (SMT)* C S°UT* 
and S°UT* C (SN T)* and so (SNT)* = S°UT®. 


Proof. To show that (SN T)° = S°UT®, it will be shown that (SNT)*° C 
S°UT* and SCUT*® C (SN T)°. For the first part, let « € (SN T)°, that 
is, 2 € SOT. Thus, x ¢ S or x ¢ T. In the former case, x € S° and so 
xz €S°UT*. In the latter case, x € T° and sox € S° UT. Thus, in either 
case, x € SCUT® and so (SNT)° C S°UT®. 

It remains to show that S° UT® C (SN T)°. To that end, let x € S°UT*, 
that is, « € S° or x € T°. In the former case, x ¢ S, so, x € SOT, that is, 
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x€(SOT)°. In the latter case, « ¢ T, so, x ¢ SOT, that is, x € (SNT)S. 
Thus, in either case, 7 € (SN T)° and so S°UT® C (SNT)*°. The proof is 
now complete because it has been shown that (SNT)°=S°UT*. O 


13.17 a. 


13.18 


b. 


Recognizing the keywords “either/or” in the conclusion, the author is 
using a proof by elimination. 

Because c|n, by definition, there is an integer p such that n = cp. It 
is given that c,n > 0, so p > 0. Furthermore, because c < n, it must 
be that p > 2 (for if p = 1, c= n). This means that 2c < pe = n. 
Dividing the left and right sides of the foregoing inequality by 2 results 
in the desired conclusion that c < n/2. 

The hypothesis states n < 2m. Squaring both sides and dividing by 
four gives the desired result, n?/4 < m?. 

In the previous sentence, the author has shown that n < m?. Upon 
taking the positive square root of both sides of this inequality, it fol- 
lows that \/n < m. This means that, in trying to prove that “A implies 
(C or D),” the author has assumed A and NOT C and then demon- 
strated that D is true. The proof by elimination is thus complete. 


Recognizing the keywords “either/or” in the conclusion, the author is 
using a proof by elimination. Accordingly, the author assumes that p 
does not divide a and must then show that p|b. Indeed, the author 
claims to have done so in the last sentence of the proof. 

If q and 6 are integers for which q is prime and q does not divide }, 
then there are integers x and y such that xq+ yb = 1. 

It has already been shown that ab = cp and mpb + nab = b. Substi- 
tuting cp for ab in the equation b = mpb + nab results in the equality 
b = mpb + ncp. 

In the previous sentence, the author has shown that 6 = (mb + nc)p. 
This means that the author has constructed an integer k such that 
b = kp (namely, & = mb+-nc) and hence, by definition, has shown that 
p|b. This means that, in trying to prove that “A implies (C' or D),” 
the author has assumed A and NOT C and then demonstrated that 
D is true. The proof by elimination is thus complete. 


L4 


Solutions to Evercises 


14.1 a. For all elements s € S, 5 < z. 
b. There is an element s € S' such that s > z. 


a. There is an x with ax < b and x > 0 such that cx < u. 
b. There is an x with ax < b and x > O such that cx > u. 
c. For allxz withb<a<car>u. 
d. For all x with b<a<car<u. 


14.3. a. For all real numbers x with 0 <a <1, f(x) <y. 
b. There is a real number x with 0 < x < 1 such that f(x) < y. 


14.4 Analysis of Proof. Recognizing the keyword “min” in the backward 
process, you must show that the following quantified statement is true: 


B1: For all numbers z, x(x — 2) > —1, that is, x? -22+1>0. 


Recognizing the keywords “for all” in the backward statement B1, the choose 
method is used to choose 


Al: A real number y, 


for which it must be shown that 


B2: y?—2y+1>0. 
Now B2 is true because y? —2y+1 = (y—1)? > 0 and so the proof is complete. 
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Proof. To show that, for all real numbers x, «(x — 2) > —1, one only needs 
to show that, for all x, x? — 2x +1 > 0. To that end, choose a real number y 
and note that y? —-2y+1=(y—-1)?>0. O 


14.5 Analysis of Proof. Recognizing the keyword “max” in the backward 
process, you must show that the following quantified statement is true: 


B1: There is a real number x with xz < 2~” such that x > 0.5. 


Recognizing the keywords “there is” in the backward statement B1, the con- 
struction method is used. There are many values of x that satisfy the prop- 
erties in Bl. For example, for x = 0.5, you have 2~* = 2-9 = 0.7071 > x 
and x > 0.5, so the proof is complete. 


Proof. To show that there is a real number x with x < 2~* such that x > 0.5, 
one only needs to find a value for x that satisfies the foregoing properties. 
Indeed, for x = 0.5, you have 2-* = 2-°° & 0.7071 > # and x > 0.5. O 


14.6 Analysis of Proof. The max/min method is used to convert the 
conclusion to the equivalent statement 


B1: For all elements s € S, 5s > t*. 


The appearance of the quantifier “for all” in the backward statement Bl 
suggests using the choose method to choose 


Al: An element s’ € S, 
for which it must be shown that 
B2: s’>t*. 


The desired conclusion is obtained by working forward. Specifically, because 
S is a subset of T, it follows by definition that 


A2: For all elements s € $,5€ 7. 

Specializing A2 to s = s’, which is in S (see A1), it follows that 
A3: 8s’ ET. 

Also, the hypothesis states that 


AA: For all elements t € T, t > t*. 
Specializing A4 with t = s’, which is in T (see A3), it follows that 


A5: s/ >t". 
Now A5 is precisely B2, and so the proof is complete. 
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Proof. To reach the conclusion, let s’ € S. It will be shown that s’ > t*. By 
the hypothesis that S C T, it follows that s’ € T. But then the hypothesis 
that for all elements t € T, t > t* ensures that s’ > ¢*. O 


14.7 Analysis of Proof. Recognizing the keyword “min” in the conclusion 
and letting z = max{ub: ua < c,u > 0}, the max/min methods results in the 
following equivalent quantified statement: 


B1: For every real number x with ax > b and x > 0, it follows 
that cx > z = max{ub: ua < c,u> O}. 


The keywords “for every” in the backward statement Bl suggest using the 
choose method to choose 


Al: A real number x with az > b and x > 0, 
for which it must be shown that 
B2: cx > max{ub: ua < c,u > O}. 


Recognizing the keyword “max” in B2, the max/min methods lead to the 
need to prove the following equivalent quantified statement: 


B3: For every real number u with wa < cand u > 0, cx > ub. 


The keywords “for every” in the backward statement B3 suggest using the 
choose method to choose 


A2: A real number u with ua <c and u > 0, 
for which it must be shown that 
B4: cx > ub. 
To reach B4, multiply both sides of az > 6 in Al by u > 0 to obtain 
A3: uax > ub. 
Likewise, multiply both sides of ua < c in A2 by x > 0 to obtain 
AA: wax < cx. 
The desired conclusion in B4 that cx > ub follows by combining A3 and A4. 


Proof. To reach the desired conclusion that cx > ub, let x and wu be real 
numbers with ax > b, x > 0, ua <c, and u > 0. Multiplying ax > b through 
by u > 0 and wa < c through by x > 0, it follows that ub < uaz < cx. O 


14.8 Analysis of Proof. Recognizing the keyword “max” in the conclusion 
and letting z = min{s € S}, the max/min methods result in the following 
equivalent quantified statement that you must show is true: 
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B1: There is an element ¢ € T such that ¢ > z. 


The keywords “there is” in the backward statement B1 suggest using the 
construction method to produce the desired element t € T. 
Turning to the forward process, from the hypothesis that ST 4 9, 


Al: There is an element x € S such that x € T. 
Constructing t = x € T, from B1, it remains to show that 
B2: «> z=min{s € S}. 


Now because z = min{s € S}, by the definition of the minimum of a set, you 
know that 


A2: For every element s € S, s > z. 


The desired conclusion in B2 follows on specializing A2 with s = x (noting 
from Al that x € S) and so the proof is complete. 


Proof. From the hypothesis that $9 T #4 Q, there is an element, say x, that 
is in both S and T. Now, because x € S, it follows that « > min{s € S}. 
Furthermore, because « € T, x < max{t € T}. It therefore follows that 
max{t € T} > «> min{s € S} and so the proof is complete. O 


14.9 Analysis of Proof. For notational purposes, let z~ = min{s: s € S} 
and z+ = max{—s:s € S} and so it must be shown that 


Bl: 27 =—-2?. 


A key question associated with B1 is, “How can I show that two real numbers 
(namely, z~ and z*) are equal?” From the hint, the answer is to show that 


B2: z~ < —zt and z~ > —z?t. 
For the first inequality, you must show that 
B3: z~ =min{s:s € S} <—2zt. 


However, working forward from the fact that z~ = min{s: s € S}, you know 
by the max/min method that 


A1: For every element s € S, 27 < s. 


Specializing the for-all statement in Al to s = —z*, noting that —z* € S, 
results in B3. It remains from B2 to show that 


B4: z~ > —zt =—max{—s:s€ S}. 


However, working forward from the fact that zt = max{—s :s € S}, you 
know by the max/min method that 


A2: For every element s € S$, zt > —s. 
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Specializing the for-all statement in A2 to s = z~, noting that z~ € S, results 


mM 


A3: 


zt > —z7, that is, z~7 > —zt. 


Thus, B2 is true and so the proof is complete. 


Proof. Let z~ = min{s:s € S} and z* = max{—s:s € S}. By definition of 
the minimum of a set, for all s € S, z~ < s, that is, —z~ > —s. In particular, 
—zt €S,so —z~ > z* or equivalently z~ < —z*. Similarly, by definition of 
the maximum of a set, for alls € S, zt > —s, that is, —zt < s. In particular, 
z €S,so —z* <z7. Thus z~ = —z* and so the proof is complete. 0 


14.10 a. 


14.11 a. 


Recognizing the keyword “max” in the conclusion, the author uses 
the min/max method to convert the conclusion to the equivalent 
statement: For all real numbers x, ax? + bx + ¢ < (4ac — b?)/(4a). 
Then recognizing the keywords “for all” in the backward process, the 
author uses the choose method to choose a real number «. 

a(a+ ay < 0 because a < 0 from the hypothesis. Adding foe 
to both sides results in the inequality in the proof. 


The contradiction is that the smallest positive integer for which P(n) 
is false is not the smallest positive integer for which P(n) is false. 
Having assumed that there is a positive integer for which P(n) false, 
the set of integers for which P(n) is false must contain at least that 
integer. 

k > 2 because in the hypothesis, it is given that P(1) is true. So 
the smallest positive integer for which P(n) is false has to be greater 
than 1. 

The author is claiming in the fourth sentence that P(k — 1) is false 
from the hypothesis. However, the hypothesis only ensures that 
P(k — 1) is false when k —1 > 1, that is, when k > 2 and this 
is why the author needs k > 2. 

The author is working forward from the hypothesis that, for all inte- 
gers n > 1, P(n) implies P(n+1) and is specializing the statement to 
the integer n = k—1> 1 to claim that P(k—1) implies P(k). How- 
ever, because P(k) is false, by the contrapositive method, it must 
be that P(k — 1) is false, which is what the author states in this 
sentence. 


15.1 a. 


15.2 a. 


10 


Solutions to Evercises 


Contrapositive or contradiction method because the keyword “no” 
appears in the conclusion. 

Induction method because the conclusion is true for every integer 
n>A4. 

Forward-Backward method because there are no keywords in the 
hypothesis or conclusion. 

Max/Min method because the conclusion contains the keyword 
“maximum.” 

Uniqueness method because the conclusion contains the keywords 
“one and only one.” 


Construction method because the first quantifier from the left in the 
conclusion is “there is.” 

Forward-Backward method because there are no keywords in the 
hypothesis or conclusion. 

Either/Or method because the conclusion contains the hidden key- 
words “either/or” (a = +b is the same as “either a = +b or a = —b). 
Contradiction or contrapositive method because the conclusion con- 
tains the keyword “no.” You might also use specialization because 
the hypothesis contains the keywords “for all.” 

Choose method because the first quantifier from the left in the con- 
clusion is “for all.” 
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15.3 a. 


15.4 a. 


With the contradiction method, you would assume that p and q 
are odd integers and that x is a rational number that satisfies the 
equation 2? + 2px + 2q = 0. You would then work forward from this 
information to reach a contradiction. 

With the contrapositive method, you assume that x is a rational 
number for which x? + 2px + 2q = 0 and show that either p is even or 
that q is even (for which a proof by elimination would be appropriate 
because of the keywords “either/or” in the backward process). 


. To use induction, first show that the statement is true for n = 4, 


that is, that 4! > 4%. For the second part of induction, you would 
assume that n! > n? and try to prove that (n+1)! > (n+1)?. To do 
so, you should relate (n+ 1)! to n! so that you can use the induction 
hypothesis. You can also use the fact that n > 4, if necessary. 
Working backward, you are led to the key question, “How can I show 
that a function (namely, f+g) is convex?” You can use the definition 
to answer this question. To show that f + g is convex, you should 
also work forward from the hypothesis that f and g are convex by 
using the definition of a convex function. 

According to the max/min method, you should convert the conclu- 
sion to the following equivalent quantified statement: 


B1: For all real numbers a, b, and ¢ with a? + 6? +c? = 1, 
ab+be+ac <1. 


Recognizing the keywords “for all” in the backward statement B1, 
the choose method should be used next. 

To apply the direct uniqueness method, you must first show that 
there is a line M perpendicular to the given line LZ through the point 
P. Next, you should assume that N is also a line perpendicular to 
L through the point P. You should then work forward to show that 
M and N are the same. 

To apply the indirect uniqueness method, you must first show that 
there is a line M perpendicular to the given line L through the point 
P. Next, you should assume that N is a line, different from M, 
perpendicular to LZ through the point P. You should then work 
forward to reach a contradiction. 


Working forward from the fact p is not prime, you should construct 
an integer m and then show that 1 <_m < ,/p and mlp. 


. Working backward, you are led to the key question, “How can I show 


that a function (namely, f+) is continuous at a point (namely, x)?” 
You can use the definition to answer this question. You should also 
work forward from the hypothesis that f and g are continuous at x 
by using the definition of a continuous function. 


Cc. 


15.5 a. 


15.6 a. 
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To use a proof by elimination, you assume the hypothesis that a and 
b are integers for which a|b and bla. You can also assume that a 4 +b 
and work forward to show that a = —b. Alternatively, in addition to 
the hypothesis, you can also assume that a #4 —b and work forward 
to show that a = +0. 

To use contradiction, assume the hypothesis that f and g are two 
functions such that (1) for all real numbers x, f(a) < g(x) and (2) 
there is no real number M such that, for alla, f(a) <M. You should 
also assume that the conclusion is not true, that is, that there is a 
real number M > 0 such that for all real numbers x, g(a) <M. You 
must then work forward to reach a contradiction. 

To use the contrapositive method, you should assume that the con- 
clusion is not true, that is, that there is a real number M > 0 such 
that for all real numbers x, g(x) < M. You must then work forward 
from this information to show that the hypothesis is not true, that 
is, that either (1) there is a real number x such that f(x) > g(x) 
or (2) there is a real number M such that for all real numbers z, 
f(z) <M. 

To apply the choose method, you would choose 


Al: A real number e« > 0, 


for which you would then have to show that 


B1: There is a real number 6 > 0 such that, for all real numbers 
y with |x — y| <4, |f(x) + g(x) — (f(y) +9) <e. 


Recognizing the keywords “there is” in the backward statement B1, 
you should proceed with the construction method. 


Using induction, you would first have to show that 4! > 47. Then 
you would assume that n! > n? and n > 4, and show that (n+1)! > 
(n+1)?. 

Using the choose method, you would choose an integer m for which 
m > 4. You would then try to show that m! > m?. 

Converting the statement to the form, “If... then ...” you obtain, 
“If n is an integer with n > 4, then n! > n?.” With the forward- 
backward method, you would then assume that n is an integer with 
n > 4 and work forward to show that n! > n?. 


. Using contradiction, you would assume that there is an integer n > 4 


such that n! <n? and then work forward to reach a contradiction. 


With the choose method, you would choose an element x € S' for 
which you must show that « < ¢«. To do so, you can also work 
forward from the hypothesis. 
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15.7 


15.8 


15.9 
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With specialization, you would look for one particular element, say 
y € T. The result of specialization is that y < «. This fact should 
help you to reach the conclusion. 

With contradiction, you would assume that there is an element x € S 
with « >, S CT, and € > 0 is a real number such that, for every 
element « € T, x < e. You would then work forward to reach a 
contradiction. 

With the contrapositive method, you would assume that there is an 
element x € S with « >¢,¢€ >0, and S CT. You would then have 
to conclude that there is an element t € T such that t > e. 


If X ={(1+ 1)" :”m > 0 is an integer}, then maxX < 3. 
If X = {(1+ 2)" : n > Ois an integer}, then there is no element 
x € X such that x > 3. 


. For every integer n > 0, (1 + i)" <3. 


A proof by elimination is likely to be used because the keywords 
“either/or” appear in the conclusion. 

A proof by cases is likely to be used because the keywords “either/or” 
appear in the hypothesis. 

The construction method is likely to be used because the keywords 
“there is” appear in the conclusion. Also, specialization is likely to 
be used because the keywords “for all” appear in the hypothesis. 
The construction method is likely to be used because the keywords 
“there is” appear in the conclusion. To show that the constructed 
object is correct, the choose method is likely to be used because the 
keywords “for all” appear in the backward process. Also, specializa- 
tion is likely to be used because the keywords “for all” appear in the 
hypothesis. 


A proof by elimination is likely to be used because the keywords 
“either/or” appear in the conclusion. 

A proof by cases is likely to be used because the keywords “either/or” 
appear in the hypothesis. 

The construction method is likely to be used because the keywords 
“there is” appear in the conclusion. Also, specialization is likely to 
be used because the keywords “for all” appear in the hypothesis. 
The construction method is likely to be used because the keywords 
“there is” appear in the conclusion. Also, specialization is likely to 
be used because the keywords “for all” appear in the hypothesis. 


15.10 The author first uses a proof by cases. Then, recognizing the keywords 
“either/or” in the conclusion the author uses a proof by elimination. 
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15.11 The author uses the contrapositive method and assumes NOT B. 
When trying to prove NOT A, the author recognizes the keywords “there is” 
and hence uses the construction method. To produce the desired object, the 
author works forward and uses a proof by cases. To show that the constructed 
object has the desired properties, the contradiction method is used. 


15.12 The author recognizes the keywords “for all” in the conclusion and 
therefore starts with the choose method. A proof by cases is used next be- 
cause, “either a3 = 1 or else 1—a3 > 0.” For the latter case, the author works 
forward from the hypothesis that f is a convex function by definition. On 
so doing, the author recognizes the keywords “for all” in the forward process 
and uses specialization two times to complete this case and the proof. 


15.13 Analysis of Proof. Recognizing the hidden keywords “there is” in the 
conclusion, the construction method is used to produce the desired rational 
root of sax? + cx +6. To that end, noting that a > 0, you can use the 
quadratic formula to obtain the following two roots: 

Al: r= met Ve%—2ab- 


a 


Working forward from the hypothesis that ABC is a right triangle, using 
previous knowledge of the Pythagorean theorem, you know that 


A2: =a? +0b?. 
Substituting the expression for c? from A2 in Al yields 


A3: «= —ct Va? +b7—2ab _ ~cEV (a—b)? —_ =et(a~b) 


a a a 


Indeed, the positive square root in A3 provides the desired rational root of 
Zax? + cx + b, that is, you can construct 
. oy — —ceta~b 
A4; y= =o. 


To see that this value of x is correct, it must be shown that 


Bl: c= sot is rational. 


A key question associated with B1 is, “How can I show that a real number 
(namely, x) is rational?” Using the definition, it must be shown that 


B2: There are integers p and q with q 4 0 such that 2 = az 


Recognizing the keywords “there are” in the backward statement B2, the 
construction method is used to produce the integers p and q. Indeed, looking 
at the values of x in A4, it is not hard to construct p= —c+a—bandq=a. 
Because a, b, and ¢ are integers, it follows that p and q are integers. Finally, 
q=a #0 because a is the length of a side of a right triangle. 
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Proof. Noting that a > 0, the roots of saz? + cx +b are x = mek VPA 2ab It 
aot 208 neh is rational. Because ABC is a right 
triangle, from the Pythagorean theorem, x = aotyl=2ab — =e var bT=2ab 
= aoe Now —c+a-— 0 is an integer because a, b, and c are integers and 
a # 0 is an integer because it is the length of the leg of a right triangle. Thus, 


this value of x is the desired rational root. 0 


will now be shown that x = 


15.14 Analysis of Proof. Recognizing the keyword “only” in the conclu- 
sion, the direct uniqueness method is used. Accordingly, it is first necessary 
to construct an element x € S such that for every element s € S, s < a. 
Indeed, from the hypothesis, you can construct 


Al: «=max{s:s € S}. 
By the max/min method, this means that 


A2: For every element s € S,s <a. 


To see that x is the only element of S that satisfies the property in A2, by 
the direct uniqueness method, you can assume that y is another such element 
of S, that is, 


A3: y € S also satisfies the property that for every element 
sES,s<y. 


It must be shown that 
Bl: «=y. 


A key question associated with B1 is, “How can I show that two real numbers 
(namely, « and y) are equal?” One answer is to show that 


B2: «<yandy<ua. 


To see that x < y, you can specialize the for-all statement in A383 tos=xE S 
(from the hypothesis) and conclude that 


A4: x~<y. 


To see that y < x, you can specialize the for-all statement in A2 tos =yeES 
(see A3) and conclude that 


A5: y <a. 
The proof is now complete because A4 and A5 mean that B2 is true. 
Proof. It is given that « = max{s: s € S} so, by definition, this means that 
for every element s € S, s <a. To see that x is the only such element of S, 


suppose that for y € S, for every element s € S,s<y. Nowxe€ S, sox < y. 
Also y € S and zx is the maximum element of S, so y< a. Assuchzx=y. 0 
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15.15 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or conclusion. An 
associated key question is, “How can I show that a function (namely, p+ q) 
is a polynomial?” By definition, the answer is to show that 


B1: There is an integer k > 0 and real numbers co, c1,..-, Cr 
such that for all numbers x, (p+q)(x) =cotciv' +--+ 

k 

Cev. 


Recognizing the keywords “there is” in the backward statement B1, the con- 
struction method is used to produce the desired integer k and real numbers 
Co, C1,---,Cx. Turning to the forward process, from the hypothesis that p is a 
polynomial, by definition, you know that 


Al: There is an integer m > 0 and real numbers ao, @1,...,@m 
such that for all numbers x, p(x) = ag +a ,2'+-+-+am2™. 


Likewise, because q is a polynomial, you know that 


A2: There is an integer n > 0 and real numbers bo, bi,..., bn 
such that for all numbers x, q(x) = bo + bat +--++bnx™. 


Now you can construct 
A3: The integer k = max{m,n} > 0. 


You would also like to construct the numbers cp = ap + bo, ¢c1 = a1 + 04, ..., 
Ck = Gp + bg, which you can do if m =n. However, ifm <n, then a; does 
not exist for 7 > m. Likewise, ifn < m, then b; does not exist for j > n. 
In either case, you can proceed by extending the needed real numbers with 
values of 0. More formally, proceed with a proof by cases, as follows. 


Case 1: m <n. In this case, for each integer 7 = m+1,...,n, define a; = 0 
and construct 


A4: The numbers cp = do + bo, cy = a1 + 01,..., Ck = Ge + De. 


To see that the construction in A3 and A4 is correct, it remains from B1 to 
show that 


B2: For every real number x, (p+q)(x) = cotera't---+epr*, 


Recognizing the keywords “for every” in the backward statement B2, you 
should use the choose method to choose 


A5: A real number z, 


for which it must be shown that 


B3: (p+ q)(z) =cot cei +--+ + cpa. 
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However, specializing the for-all statements in Al and A2, you know that 


(p+aq)(x) = px) +a(2) (definition of p + q) 
= (ag t-::+amnx™) + (bo +--+ bnx”) (specialize Al and A2) 
= (ao+-:-+ ane") 4+ (bo +-+-+6n2") (a; =0 for 7 > m) 
= (ao +bo)---+ (ax + bx)a* (k = max{m,n} =n) 
= cot---t+ce,a* (from A4). 
The proof of this case is now complete. 
Case 2: n < m. In this case, for each integer 7 =n+1,...,m, define b; = 0 


and construct 


A6: The numbers co = ao + b0,¢€1 = a1 +: b1,..., Ce = An + de. 


To see that the construction in A3 and A6 is correct, it remains from B1 to 
show that 


B4: For every real number x, (p+q)(x) = cotciat+:--+ega*. 


Recognizing the keywords “for every” in the backward statement B3, you 
should use the choose method to choose 


AZ: A real number z, 
for which it must be shown that 
B5: (p+q)(z) =cot erat t-+-+epn*. 


However, specializing the for-all statements in Al and A2, you know that 


(p+q)(x) = p(x) +q(z) (definition of p + q) 
= (ag t-::+amn2™) + (bo +--+ +bnx”) (specialize Al and A2) 
= (ao+---+ame™) + (bo +---+bma™) (b; = 0 for j > n) 
= (ao+bo)-+-+ (ax + by) a” (k = max{m,n} =m) 
= cote +te,a* (from AA). 


The proof for this case, and hence the whole proof, is now complete. 


Proof. Because p is a polynomial, there exists an integer m > 0 and coef- 
ficients ao,--+,@, such that p(x) = $7)", a;a". Similarly for q, there exists 
an integer n > 0 and coefficients bo,-++,bn such that g(a) = 0.4 bia". Let 
k = max{m,n} > 0 and assume, without loss of generality, that m < n. 
Defining a; = 0 for each j = m+1,...,n, you have (p+q)(x) = p(x) + q(x) = 
io Ge’ + 7g bia? = Violas + bye’ = Ly Get. O 


15.16 Analysis of Proof. The keyword “not” in the conclusion suggests 
using the contradiction or contrapositive method. Here, the contradiction 
method is used, whereby you can assume that 


Al (NOT B): f is linear. 
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By definition, this means that there are real numbers m and b such that 


A2: For every real number x, f(a) = ma +b. 


A contradiction is now reached by showing that the slope m > 0 and m < 0. 
To that end, specialize the for-all statement in A2 three separate times to the 
three real numbers x = 21, © = £2, and x = 23, which results in 


A3: f(a1) = ma +0. 
A4: f(ae) = mao 4+d. 
A5: f(r3) = maz +b. 


Subtracting A3 from A4 yields 


A6: f(r2) — f(a1) = ma + b— (ma, +b) = m(ax2 — 41). 
From the hypothesis that 7, < x2, you can divide A6 through by x2 — 2, 4 0 
to obtain 


AZ: m — fea=ten | 


TA-L1 


From the hypothesis that 71 < x2 and f(x) < f(22), it follows that both the 
denominator and numerator in A7 are positive and so 


A8: m> 0. 


A similar set of algebraic steps shows that m < 0. Specifically, subtracting 
A4 from A5 yields 


A9: f(x3) — f(a2) = maz + b— (maz + b) = m(az — X2). 


From the hypothesis that x2 < 23, you can divide A9 through by x3 — x2 4 0 
to obtain 
A10: m = £@s-fle2) | 
23-22 


From the hypothesis that r2 < x3 and f(a3) < f(x), it follows that the 
denominator in A10 is positive while the numerator is negative and so 


All: m>0. 
The contradiction that m > 0 in A8 and m < 0 in All completes the proof. 


Proof. Assume, to the contrary, that f is linear and so there are real numbers 
m and b such that for every real number x, f(x) = ma + b. In particular, for 
the given real numbers x1, £2, and zz, 


f(@1) = ma,+b, (1) 

f(w2) = maz+b, (2) 

f(@3) = maz3t+b. (3) 
A contradiction is reached by showing that m > 0 and m < 0. To that end, 
subtracting equation (1) from equation (2) and using the hypothesis that 
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“1 < #2 and f(x.) < f(x2), it follows that 


_ F(x2) — f(a) 


%Q— 21 


> 0. 


Likewise, subtracting equation (2) from equation (3) and using the hypothesis 
that x2 < x3 and f(a#3) < f(x2), it follows that 


_ f(xs) ~ f (x2) 


v3 — &2 


<0. 


The contradiction that m > 0 and m < 0 completes the proof. O 


15.17 a. 


b. 


The contradiction is that f(a2) < f(x2). 
The author creates a value for ¢ to use when specializing the following 
for-all statement in the definition of the function f being convex: 


A1: For all real numbers z, y, andt withO<t<1, 
f(ta+(1—t)y Stf(x) + (1 -t) f(y). 


The value of t = a > 0 because both 73—22 > Oand 43-21 > 0 


from the hypothesis 2, < x2 < x3. Similarly, using this hypothesis, 
t— 2, > 0 and x3 — x; > 0, and so t < 1 because 


3 — @2 U3 — 2X1 — \%3 — XQ LQ — Ly 
hess ee >0. 
X3— 2X) X3— 1 X3— IX 


. From part (c) it has been shown that t > 0 and 1—t > 0. From the 


hypothesis, you have 


f(@1) < f(@2), (1) 
f(w3) < f(w2). (2) 


Multiplying inequality (1) through by t > 0 and inequality (2) 
through by 1—t > 0 and adding corresponding sides of the two 
inequalities yields the given strict inequality: 


tf(wi) + 1 — t)f@s) <tf(w2) + 1 — t)f(@2). 
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Solutions to Evercises 


16.1 From the special cases of the triangle, quadrilateral, and pentagon you 
can see that the sum of interior angles increases by 180° for each additional 
side of the polygon. Letting n be the number of sides in the polygon, the 
equation A(n) = (n — 2) * 180° gives the correct sum of the interior angles. 
For the three special cases, you have 


Polygon A(n) 


n 
triangle 3 (3-2) * 180 = 180° 
quadrilateral 4 (4-2) «180 = 360° 
pentagon 5 (5 — 2) * 180 = 540° 


16.2 The linear function az +b is a special case of the polynomial ag + a,x + 
ag@? ++-++a,2” in which n = 1, a9 = 6, and a; =a. The quadratic function 
ax? + bx +c is a special case of the polynomial aj + a,x + aga? +--+ + an2x” 
in which n = 2, ag = c, a, = b, and ag =a. 


16.3 To explain that the point-to-set map F': R — R* is a generalization of 
the function F' : R — R, you need to explain how f is a special case of F’. For 
each real number x € R the function f maps x to f(x) € R while F' maps x 
to a set of real numbers. If you let F(x) be the set consisting of the single 
value f(x), that is, F(x) = {f(x)}, then f is a special case of F’. 


16.4 If you substitute the set R of real numbers for the set S' in Definition 
2, then Definition 2 becomes,“A function f of one real variable is strictly 
increasing on the set R of real numbers if and only if for all real numbers 
x,ye€Rwith « <y, f(x) < f(y),” which is precisely Definition 1. 
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16.5 You need to substitute values for the complex numbers a+ bi and c+ di 
so that Proposition 2 becomes Proposition 1. Because Proposition 1 deals 
with the real numbers x and y, there are no imaginary parts, you should 
substitute a = 2, b = 0, c = y, and d = 0. On so doing, Proposition 2 
becomes: If 2 + 0i is a complex number with x? + 0? 4 0, then there is a 
complex number y+ 02 such that («+ 0i)(y +02) = 1. You can rewrite this to 
become Proposition 1 as follows: If x is a real number with x 4 0, then there 
is a real number y such that xy = 1. 


16.6 Note that the symbol n is used to describe both the matrix and the 
vector. To avoid this overlapping notation, suppose the vector has p compo- 
nents. You can see that a p-vector is a special case of a matrix by substituting 
m =p and n= 1 or by substituting m = 1 and n= p. 


16.7 Doing these generalizations requires a new definition as well as verifying 
the original special case. 

a. For a positive integer j7, a j-dimensional matrix is a table of real 
numbers with m, xX mg x... x m, entries. Setting 7 = 2, m,) =m, 
and mz = n creates a two-dimensional matrix with m rows and n 
columns. 

b. A complex two-dimensional matrix is a table of complex numbers of 
the form a+ 2, where a and b are real numbers, organized in m rows 
and n columns. If the imaginary part of each entry is 0, then every 
entry in the complex two-dimensional matrix is a real number and 
hence a two-dimensional matrix of real numbers. 


16.8 a. For given real numbers a and b with a < b, let Y = {real numbers 
v:a<a<bd}. Setting a = —2 and b = 3 shows that the interval X 
is a special case of the interval Y. 

b. For given real numbers ay, 61, a2, b2 with a, < b; and ag < ba, let Z 
= {real numbers (21,22) : a1 < 21 < by and ag < x2 < be}. Setting 
a, = a, b; = b and a2 = bz = 0 shows that the interval Y is a special 
case of the rectangle Z. 

c. For a given integer n > 0 and real numbers c;, d;, with c; < d; for 
i = 1,...,n, let H = {real numbers (21,...,2n) : G < vi < d; 
for each i = 1,...,n}. Setting n = 2, c, = a1, co = aa, dy = by 
and dz = bg shows that the rectangle Z is a special case of the 
hyperrectangle H. 


16.9 Notationally let B,(c1,c2) = {(@1, %2) : (a1 — c1)? + (42 — €2)% <r}. 
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a. Define the distance between two circles of equal radius centered 
about the points (71,22) and (yi, y2) as follows: 


d(B,(r1, 22), Br(y1,y2)) = min{d[(a1, a2), (b1, b2)] : 
(a1, a2) € B,(x1, 22) and 
(b1,b2) € Br(yi,yo)}-  (#*) 


You can see that the distance between two points defined by 
d[(a1, v2), (y1, y2)] = WV (a1 — yi)? + (we — y2)? is a special case of 
(**) by substituting r = 0 in (**). On so doing and noting that 
Bo(x1, £2) = {(@1, 2) } and Bo(y1,y2) = {(y1, y2)}, (*) becomes: 


d(Bo(x1, x2), Bo(yi, y2)) = min{d[(a1, a2), (b1, b2)] : 
(a1, G2) € {(x1, v2)} and 
(b1, b2) € {(y1, yo) fF 


= d{(x1, 22), (y1, y2)]- 


b. When the two circles have radii r; and re, respectively, you can 
compute the distance between the circles as follows: 


d(B,, (1, £2), By, (M1, y2)) = min{d{(a1, a2), (b1, b2)] : 
(a1, a2) € By, (a1, 72) and 


(b1, b2) € Bra (yi, yo)}. (***) 


You can see that (**) in part (a) is a special case of (***) by substi- 
tuting r1 = r2 =r in (***). On so doing, you obtain precisely (**). 


16.10 A real valued function of one variable, f, can be approximated by 
a quadratic function ax? + bx + ¢ (which reduces to a linear function when 
a = 0), by a cubic function ax? + ba? + cx +d (which reduces to a linear 
function when a = b = 0), and in general by a polynomial of degree n > 1 
(which reduces to a linear function when n = 1). 


16.11 a. A set T in the plane is bounded above if and only if there is a real 
number Z such that for all (2, y) € T, « < 6 and y < (. To see that 
Definition 22 is a special case of the foregoing definition, for a set S 
of real numbers that is bounded above by the real number a, note 
that substituting T = {(2,a) :  € S} and 6 = a in the foregoing 
definition results in Definition 22, as follow: 

There is a number a such that for all (x,y) € T,v<aandy <a. 
There is a number a such that for all (v,a~) €T,«¢<aanda<a. 
There is a number a such that for all x € S, 7 <a. 
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b. A set T of n-vectors is bounded above if and only if there is a real 
number / such that for all (71,...,a@n) €T, a < 6 fori =1,...,n. 
The definition in part (a) is a special case of the foregoing definition 
when you substitute n = 2. 


16.12 A set S of n-vectors is bounded if and only if there is a real number 
y such that for any n-vector x = (@1,...,%n) € S, |xi| < y, fori =1,...,n. 
The foregoing definition becomes Definition 24 when you substitute n = 1. 


16.13 The integer d is the gcd of the n integers 11, 22,---,2, if and only if 
(1) d divides x; for alli =1,...,n and (2) if an integer c divides each x; for 
i=1,...,n, then c divides d. 


16.14 Syntax errors result because both the ./z and log(x) are undefined 
when the real number zx is replaced with an n-vector x. 


16.15 a. One syntax error arises because the operation of dividing one n- 
vector by another n-vector is undefined. 

b. (Answers other than the one presented here are possible.) One gen- 
eralization that avoids syntax errors in the expression |x/y| for n- 
vectors x and y is to define x/y to be x/||y|| and to define the 
absolute value of a vector z to be ||z/]. 

c. When you rewrite the given inequality without division you have 
|x| < t|y|. Now replacing absolute value with the norm of a vector, 
an appropriate generalization without syntax errors is ||x|| < t||y]||. 


16.16 When the set S of real numbers has an infinite number of values, 
the operations of adding all the values and then dividing by the number of 
elements, namely oo, might not be meaningful. 


16.17 a. For the real numbers pj,...,p,, to be the probabilities that the events 
E\,..., En occur, you need pi,..., Pn > 0 and Dy", pj = 1. 
b. For the real numbers pj, po, ...to be the probabilities that the events 
E}, E2,... occur, you need p; > 0 for alli = 1,2,...and 77°, pj = 1. 
c. When there an uncountable number of mutually exclusive events it 
may not be possible to check that all the probabilities add up to 1. 


16.18 An appropriate unification is ([]/_, a)" < Ce 


16.19 a. An appropriate unification is + - aad < (2, 


b. For an integer n > 1, you have n? + n > n? and so 


1 1 1 ee 
—- — = —— < (=). 
nm n+l ne?4+n n 
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16.20 a. An appropriate unification is P(n) : S7y_,(2i — 1) = n?. 
b. The proof is by induction. Accordingly, the statement is true for 
n = 1 because S7)_,(2i — 1) = 1 = 12. Now assume that P(n) is 
true. Then for n + 1 you have 


n+l n 
S75 (2i- 1) = $0 (28-1) + Qn 41) =n? + 2n4+1= (n+ 1)?. 
i=l i=l 


The proof is now complete. 


. . . . : n 1 = 
16.21 a. An appropriate unification is P(n) : S7;_, 7 = eae 
b. The proof is by induction. Accordingly, the statement is true for 


n = 1 because SS. = Now assume that P(n) is true. 


i=1 TF1 TSI" 
Then for n+ 1 you have 


ran n+l 1 a n 1 1 

Pais) = say. ee —| + Gams) 
a. 9D 1 
el. + n+1)(n+2 

1 


—= 1 
~ n+l n+ nt+2 


n242n41 


n+1)(n+2 


n+1 


n+2° 


I 


The proof is now complete. 


16.22 The recursive relationship is an41 = an +n, for n = 1,2,.... Thus, 
the next term in the sequence is ag = a5 +6=15+6= 21. 


16.23 For given real numbers a, (3, and y and a given real-valued function of 
one variable, h(t), the differential equation ag’ (t) + Gg’ (t) + yg(t) = h(t) isa 
unification of both differential equations with the appropriate substitutions. 


16.24 An appropriate unification, called the Lp, norm on the n-vector x = 
(Ci Pe) sss: |a,|P)1/?. The substitution of p = 1 and p = 2 verifies the 
two special cases. 


16.25 The proof is by contradiction. Thus, assume that n™ is even and that 
n is odd. Because n is odd, by definition, there exists an integer k such that 


n = 2k+1. This implies that n™ = (2k+1)™ = 2k Ss. (”) (2k) ) 41, 
which is odd and hence contradicts that n™ is even. 


16.26 The proof is by contradiction. Thus, assume that r is rational and 
that r™ = 2™ 1. By definition of a rational number, there exist integers 
p and q with gq 4 0 such that r = p/q. It can further be assumed that p 
and q have no common divisor for, if they did, you could cancel the common 
divisor from both the numerator p and the denominator g. By substitution, 
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r™ = (p/q)™ = 2™1. Hence, p™ = 2™-!q™ which implies that p™ is even. 
Then from Exercise 16.26, it follows that p is even. As such, by definition, 
there exists an integer k such that p = 2k. By substitution, (2k)™ = 2™~!q™ 
which implies 2k” = q™. This means that qg™ is even and so again by Exercise 
26, q is also even. It has thus been shown that p and gq are even, but this 
contradicts the assumption that p and q have no common divisor. 


16.27 The generalized proposition is that, if 5,,...,S, are n convex sets, 
then C' = N7_,S; is a convex set. Proof. To show that C' is convex, it must be 
shown that for all elements x, y € C and for all real numbers t with 0 < t < 1, 
ta +(1—t)y € C. Because of the keywords “for all” in the backward process, 
the choose method is now used to choose elements x, y € C and a real number 
t with 0 < ¢ < 1, for which it must be shown that tz + (1—t)y € C. To 
that end, from the hypothesis that $),...,5, are convex sets, you know by 
definition that for each 1 = 1,...,n, for all elements u,v € 5; and for all real 
numbers s with 0 < s < 1, su+(1—<s)u € S;. Specializing the foregoing 
for-all statement with u = x, v = y, and s = ¢ (noting that 0 < t < 1), it 
follows that for each i = 1,...,n, ta +(1—t)y € S;. This, in turn, means that 
ta + (1 —t)y € Mi, 5; = C and so C is convex and the proof is complete. 


16.28 The generalized proposition is that, if fi,..., fn aren convex functions, 
then F = )7\"_, fi is a convex function. Proof. To show that F is a convex 
function, by definition, you must show that for all real numbers z,y, and 
twithO <¢t <1, F(te+ (1—-t)y) < tF(xz) + (1-t)F(y). Because of 
the keywords “for all” in the backward process, the choose method is now 
used to choose real numbers x,y, and t with 0 < ¢ < 1, for which it must 
be shown that F(ta + (1 —t)y) < tF(x#) + (1—t)F(y). To that end, from 
the hypothesis that fi,..., f, are convex functions, you know by definition 
that for each 7 = 1,...,n, for all real numbers u,v, and s with 0 < s < 1, 
fi(su + (1— s)v) < sfi(u) + (1 — s)fi(v). Specializing the foregoing for-all 
statement with u = x, v = y, and s = t (noting that 0 < t < 1), it follows 
that for each i =1,...,n, fi(ta+(1—t)y) < tfi(~)+(1—-t)fi(y). On adding 


up these inequalities over 7 = 1,...,n, you have 
F(tx+(1—t)y) = Filta + (1 — t)y) 
i=1 
Es 2d lth(@) + (1-4) fi(y)] 


3 
3 


= ti fi(z)+-t) Yo fly) 


i=l i=l 


= tF(2#)+(1-t)F(y). 


This means that F’ is a convex function and so the proof is complete. 
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Solutions to Evercises 


. (Answers may differ from the one given here.) 


Similarities: All values are real numbers; all values are positive. 
Differences: The values 0.75, 2/3, and 0.111... are rational 
numbers while V3 and 7 are irrational. 


. On the basis of the differences, let Group 1 consist of 0.75, 2/3, and 


0.111... and Group 2 consist of V3 and nx. 


. (Answers may differ from the one given here.) 


Similarities: Solutions to all equations are positive real num- 
bers. 

Differences: All solutions to the equations in (ii), (iv), and (v) 
are integers while the solutions to the equations in 
(i) and (iii) are not integer. 


. On the basis of the differences, let Group 1 consist of the equations 


in (ii), (iv), and (v) and Group 2 consist of the equations in (i) and 
(iii). 


. (Answers may differ from the one given here.) 


Similarities: All sets are subsets of real numbers. 
Differences: The sets in (i), (iv), and (v) are intervals on the 
real line while the sets in (ii) and (iii) are not. 


. On the basis of the differences, let Group 1 consist of the sets in (i), 


(iv), and (v) and Group 2 consist of the sets in (ii) and (iii). 
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17.4 (Answers may differ from the one given here.) 

The functions (i) and (iii) are polynomials while the functions in (ii) and (iv) 
are not, so let Group 1 consist of the functions in (i) and (iii) and Group 2 
consist of the functions in (ii) and (iv). 


17.5 (Answers may differ from the one given here.) 

The result of performing the operations in (i) and (iii) is a vector while the 
result of performing the operations in (ii) and (iv) is a number, so let Group 1 
consist of the operations in (i) and (iii) and Group 2 consist of the operations 
in (ii) and (iv). 


17.6 (Answers may differ from the one given here.) 

The operations in (iii) and (v) are closed unary operations; the operations 
in (i), (iv), and (vii) are closed binary operations; and the operations in (ii) 
and (vi) are binary relations, so let Group 1 consist of the operations in (iii) 
and (v), Group 2 consist of the operations in (i), (iv) and (vii), and Group 3 
consist of the operations in (ii) and (vi). 


17.7. (Answers may differ from the one given here.) 
Similarities: Both contain n values. Both sets and n-vectors can contain 
positive and negative values. 


Differences: The values in n-vector are ordered while those in a set are 
not. The values in n-vector can be repeated but not in a set. The operations 
performed on sets are different from those performed on n-vectors. 


17.8 The following is the figure for {(td1, tdz) : t is a real number}: 


{(td,, td,): tisa 
real number} 


d= (d,, d)) 
x 
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17.9 The following is the figure for {(a1 + td1, %2+td2) : t is a real number}: 


a {(x, + td, x2 + td): 
tis a real number} 


> 


d=(d, d,) 


X = (x), x2) 


17.10 The shaded portion of the following figure represents the points in the 
set A that are not in the set B and the points in B that are not in A: 


17.11 The two sets on the left side of the following figure have a separating 
line while the two sets on the right side do not have a separating line: 


Two sets with a separating line. Two sets with no separating line. 


afer che 


168 SOLUTIONS TO EXERCISES IN CHAPTER 17 


17.12 The solutions to parts (a) and (b) are given in the following figure: 


(a) A set that contains the (b) A set that does not contain 
line connecting any the line connecting any 
two points in the set. two points in the set. 


c. The set S in part (a) has the property that for all elements x,y € S, and 
for all real numbers ¢ with O <t< 1, (1l—t)a+tyeS. 


17.13 The vertical bars on the x-axis in the following figure indicate the 
points «* for which f(a*) = 2*, that is, where the graph of the function f 
crosses the line y = x: 
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17.14 The following figure indicates real-valued functions f and g of one 
variable such that for all real numbers x, g(x) > f(x): 


> 


17.15 The following figure is a visual image of a real-valued function f of one 
variable with the property that for all real numbers x and y with x < y, the 
value of the function at all points between x and y lies below the line segment 


connecting the points (x, f(x)) and (y, f(y)): 
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17.16 The solutions to parts (a) and (b) are given in the following figure: 


(a) A function g that takes in (b) A function / that takes 
n real numbers and in ” real numbers and 


outputs one real number. outputs m real numbers. 


X= (x, ..., X,) X=(X,, ..., X,) 


h 109) 


Q(x) h e 
h,,(%) 


17.17 The following figure is a visual image of a real-valued function f of 
one variable with the property that for all real numbers Z, the value of the 
function at all points x always lies above the tangent line to the graph of f 


at the point (%, f(Z)): 


17.18 The following figure is an image of a point-to-set map F(a) in which 
for each real number x, F'(z) is an interval: 


Me 


F(x) = {all points on the vertical line} 
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17.19 If f is the original real-valued function of one variable and c is a positive 
real number, then the real-valued function g defined by g(x) = f(x) +c is the 
function f shifted up by the amount c. 


17.20 The parabola ax? + bx +c will cross the x-axis at two different points 
provided that a 4 0 and b? — 4ac > 0. 


17.21 The value of y; = 1— 2; (when x; = 0,y, = 1— a; = 1 and when 


17.22 The inequality x1 +22+---+2, > 3 ensures that at least three projects 
are funded. 


17.23 The statement that for all elements x € S$, x > u means that all values 
in the set S of real numbers are strictly to the right of the real number uw. 


17.24 The expression (yi — 21, y2 — 22) is the vector that points from (#1, £2) 
to (y1, ye). 


17.25 a. Verbal form: The boundary of B?(ci, cz) is the set of points in the 
plane whose distance from (cy, c2) is 1. 
Mathematical form: The boundary of B?(ci1,c2) = {(#1,22) : 
(v1 _ 1)? + (x9 = C2)? = 1}. 

b. Verbal form: The boundary of B”(ci,...,¢n) is the set of points 

in the plane whose distance from (c1,..., Cn) is r. 
Mathematical form: The boundary of the set B?(c1,...,¢n) = 
{(21,..-,%n) 2 (@1 — C1)? +++ + (an — Cn)? = 17}. 


17.26 Verbal form: The boundary of a set S in n dimensions is the set of 
points in n dimensions with the property that for every radius r > 0, the ball 
of radius r in n dimensions contains points in S and not in S. 
Mathematical form: The boundary of a set S in n dimensions = {x = 
(v1,..-,2n) : for every radius r > 0, BP (x) NS #40 and BY (x)N S* FO}. 


17.27 Verbal form: A line separates the sets A and B in the plane if and 
only if every point in A is on one side of the line and every point in B is on 
the opposite side of the line. 

Mathematical form: The line a7; + agx72 = b separates the sets A and B 
in the plane if and only if for every element (21,22) € A, a1%1 +4222 < b and 
for every element (21,22) € B, a1x1 + a222 > b. 


17.28 Verbal form: The sequence 21, %2,... is monotonically increasing if 
each subsequent value is larger than the previous value. 

Mathematical form: The sequence 21, %2,... is monotonically increasing if 
ry < X2 <--- or equivalently if for every integer 7 = 1,2,..., it follows that 
Li < Vj41.- 
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Solutions to Evercises 


18.1 (Answers other than the ones given here are possible.) The result of 
performing abstraction is that each component of an n-vector is an object, for 
which three special cases are: (a) each component is a real number, (b) each 
component is a function, and (c) each component is a set. 


18.2 (Answers other than the ones given here are possible.) The result of 
performing abstraction is that each of the inputs x and y are objects, as is the 
output of the function. Three special cases are: (a) the inputs are n-vectors 
and the output is an n-vector, (b) the inputs are functions and the output is 
a function, and (c) the inputs are sets and the output is a set. 


18.3 When you replace the real number x > 0 with an object, the operation 
of taking the square root of an object is undefined. One way to eliminate this 
syntax error is to create a meaningful definition of what it means to take the 
square root of an object. For example, using the binary operator ©, you could 
define the square root of an object x to be an object y for which yOy =. 


18.4 When you replace the real numbers x and y with objects, the meaning 
of “object « > object y” is undefined. One way to eliminate this syntax error 
is to create a binary relation, say =, to determine whether the object «x is 
“ereater than or equal to” the object y. 


18.5 A unary operator v would have to return a positive real number for 
each object x, for then you could take the log of u(x), that is, log(v(a)) would 
then be defined. 
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18.6 a. When z is an object, the operation of raising an object to a positive 


integer power is undefined. However, using a closed binary operator 
© on the set S of objects, you can create the following meaningful 
definition of 77 when x is an object and 7 is a positive integer: 
a =2@---Ou 
Se 


j times 


. When 7 is an object, the operation of raising a real number zx to the 


power j is undefined. However, if a unary operator uv associates to 
each object j € S, a real number v(j), then you can perform the 
operation 2°), 


18.7 The following tables show the results of performing the respective op- 


erations: 
|o 1 |x Y 
0/0 O X|X XxX 
1/0 1 Y|xX Y 
18.8 (Answers other than the ones given here are possible.) 


Performing abstraction means that you want to find 1/a when z is 
an object. A syntax error results because you cannot divide 1 by 
an object. You can eliminate the syntax error by using a unary 
operator v that associates to each object x in a set S, a nonzero real 
number, u(x), for then you can compute 1/v(x). You therefore have 
the abstract system (S, v). 


. Performing abstraction means that, given two objects A and B, you 


want to find AUB. A syntax error results because the “union” of two 
objects is undefined. You can eliminate the syntax error by using a 
closed binary operator, say @, that combines two objects A and B 
in a set S$, for then A @ B. You therefore have the abstract system 
(S, ®). 

Performing abstraction means that, given an object y, you want to 
find an object x such that f(a) = y. A syntax error results because 
you cannot put an object x into the function f. You can eliminate the 
syntax error with a closed unary operator v that associates to each 
object x in a set S, areal number v(x). In this case, given an object 
y € S, you want to find an object « € S such that f(u(x)) = v(y). 
You therefore have the abstract system (S,v). 


18.9 


a. 


18.10 


a. 
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(Answers other than the ones given here are possible.) 

Performing abstraction means that, given two objects a and b, you 
want to determine if there is an object c such that b = ca. A syntax 
error results because you cannot multiply two objects c and a. You 
can eliminate the syntax error by using a closed binary operator, say 
©, that combines two objects c and a in a set S, for then c © a is 
valid. You therefore have the abstract system (5, ©). 

Performing abstraction means that, given two objects x and y, you 
want to compute «ey. A syntax error results because the dot prod- 
uct of two objects is undefined. You can eliminate the syntax error 
by using a binary operator, say ©, that combines two objects x and 
y in aset S and returns a real number, for then xz © y is valid. You 
therefore have the abstract system (5, ©). 

Performing abstraction means that, given two objects s and t, you 
want to determine if s > t. A syntax error results because you cannot 
determine if one object is > another object. You can eliminate the 
syntax error by using a binary relation, say >, to compare two objects 
sand tinaset S. You therefore have the abstract system (5S, +). 


(Answers other than the ones given here are possible.) 
Performing abstraction means that, for two given objects a and 8, 
you want to find an object x such that ax = b. A syntax error 
results because you cannot multiply two objects a and x. You can 
eliminate the syntax error by using a closed binary operator, say ©, 
that combines two objects a and x in a set S. You therefore have 
the abstract system (S,©). 
Performing abstraction means that you want to find an object x such 
that f(z) = x. A syntax error results because you cannot put an 
object x into the function f. You can eliminate the syntax error 
by using a unary operator v that associates to each object x, a real 
number v(x). For the abstract system (S,v), you then want to find 
an object x € S such that f(v(x)) = v(x). 
Performing abstraction means that, for two objects a and b, you want 
to compute min{a,b}. A syntax error results because you cannot 
compute the minimum of two objects. You can eliminate the syntax 
error by using a unary operator, say v, that takes an object a € S 
and returns a real number, for then the operation min{v(a), u(b)} is 
defined. You therefore have the abstract system (S, v). 
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18.11 (Answers other than the ones given here are possible.) 


Axiom 1: This axiom has no syntax errors. 

Axiom 2: This axiom has a syntax error in the expression u(s +t) be- 
cause you cannot add the objects s and t. You can eliminate 
the syntax error with a closed binary operator, say @, on S 
because you can then rewrite the axiom as follows: For all 
elements s,t € S, v(s @t) < v(x) + v(t). 

Axiom 3: This axiom has a syntax error in the expression v(s)? = s? 
because you cannot square an object s. You can eliminate 
the syntax error with a binary operator, say ©, that, for two 
objects x,y € S, results in a real number «© y. You can 
then rewrite the axiom as follows: For every element s € S, 
u(s)? =s8Os. 


18.12 (Answers other than the ones given here are possible.) 


Axiom 1: This axiom has no syntax errors. 

Axiom 2: This axiom has a syntax error in the expression V(s,t) > s 
because you cannot compare the object V(s,t) to the object 
s with >. To eliminate the syntax error, you can use a 
binary relation, say ~, instead of > to compare two objects. 
You can then rewrite the axiom as follows: For all element 
s,t€ S, V(s,t) = s. 


18.13 (Answers other than the ones given here are possible.) 


Axiom 1: This axiom has no syntax errors. 

Axiom 2: This axiom has a syntax error in the expression () =< x be- 
cause you cannot compare the empty set to the object x 
with the binary relation x. To eliminate the syntax error, 
you need an axiom to create the existence of an object with 
the same properties as § and then you can rewrite the ax- 
iom as follows: There is an object z € S such that for every 
element « € S, zx. 


18.14 (Answers other than the one given here are possible.) A special case 
that satisfies the given axiom is $ = the set of all real-valued functions of one 
variable and © is the operation of adding two functions f and g to obtain the 
function f @g defined by (f @g)(x) = f(x)+g(x) which satisfies fg = g@f. 


18.15 (Answers other than the ones given here are possible). One special 
case that satisfies the given axiom is S = { real numbers} and — is the unary 
operation of taking the negative of a real number. This special case satisfies 


the axiom because, for V real number y, 4 a real number x such that y = —2. 
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A second special case that satisfies the given axiom is S = the set of all subsets 
of a universal set U and ! is the unary operation of taking the complement of 
a set. This special case satisfies the axiom because, for every subset S of U, 
there is a set T CU such that T = S°. 


18.16 (Answers other than the ones given here are possible). One special 
case that satisfies the given axioms is S = the set of real numbers and v is 
the unary operation of taking the absolute value of a number. This special 
case satisfies Axiom (i) because, for every real number 2, |x| > 0. This special 
case satisfies Axiom (ii) because, there is a unique real number x such that 
|x| = 0, namely x = 0. 


A second special case that satisfies the given axioms is S = the set of all 
finite subsets of a set U and v is the unary operation of counting the number 
of elements in a finite subset T of U. This special case satisfies Axiom (i) 
because, for every finite subset T of U, v(T) = the number of elements of T 
is > 0. This special case satisfies Axiom (ii) because, there is a unique subset 
T of U for which v(T) = the number of elements of T = 0, namely T = 9. 


18.17 (Answers other than the ones given here are possible). One special case 
that satisfies the given axioms is S' = the set of integers and © is the closed 
binary operation of adding two integers. This special case satisfies Axiom (i) 
because, there is an integer e such that for all integers 7, r+e=e+a4=2, 
namely e = 0. This special case satisfies Axiom (ii) because, for every integer 
y, there is an integer x such that r+ y=y+a =0, namely « = —y. 


A second special case that satisfies the given axioms is S = the set of nonzero 
real numbers and © is the closed binary operation of multiplying two nonzero 
real numbers. This special case satisfies Axiom (i) because, there is a nonzero 
real number e such that for all real numbers x, xe = ex = x, namely e = 1. 
This special case satisfies Axiom (ii) because, for every nonzero real number 
y, there is a nonzero real number «x such that cy = yx = 1, namely x = 1/y. 


18.18 An appropriate axiom is that there is an element e € S such that for 
every element x € S,xVe=eVau=@. 


18.19 An appropriate axiom is that there is an element e € S such that for 
every element 7 € S,;x\Ne=eAnr=e. 


18.20 An appropriate axiom is that for all elements x,y,z € S, (cOy)Oz = 
xO (yz). 


18.21 For two objects x,y € S, define x|y to mean that there is an element 
z€S such that y= z Og. 


18.22 The appropriate axiom is that for every element x € S, there is an 
element y € S such that yOy =. 
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18.23 (Answers other than the ones given here are possible.) 


Axiom 1: For every element 1 € S,r7Axv =a. 


Axiom 2: For all elements 7,y € S,r7Ay=yAa. 


Axiom 3: There is an element e € S such that for all elements x € S, 
the=eAzu=e. 


18.24 (Answers other than the ones given here are possible.) 


Axiom 1: For every element « € S,«7Vax=a. 


Axiom 2: For all elements x,y,z € S,xV (yV 2) =(x@Vy) Vz. 


Axiom 3: There is an element e € S such that for all elements x € S, 
gavVeHeVr= az. 


18.25 a. 


b. 


Cc. 


18.26 


a 


18.27 a. 


For any elements z,y € S,ifx xy and y xz, then x= y. 
There is an element e € S such that for every element x € S, e x a. 
There is an element z € S such that for every element x € S, x = z. 


For any elements 71,22 € S, either x1 X x2 or £2 XZ}. 


. There is no element z € S' such that for every element x € S, x X z. 


For any elements 21, £2 € S with x1 = £2, there is and element y € S 
different from x, and x2 such that 21 x y X 22. 


There is an element z € S such that for every element x € S,x@z= 
zZOu=f. 

For every element + € S, there is an element —x € S such that 
x @ (-2) =(-2)@xr=z. 

A syntax error arises in the definition of || because the relation > 
is not defined for the abstract system (S,®) and so the expression 
x > z does not make sense. 


Appendix A 
Solutions to Exercises 


A.1 One common key question is, “How can I show that two sets are equal?” 
An associated answer to this question—obtained from the definition of two 
sets being equal—is, “Show that the first set is a subset of the second set and 
that the second set is a subset of the first set.” 


A.2 One different key question is, “How can I show that the intersection of 
two sets is a subset of another set.” (Other answers are possible.) 


A.3 Analysis of Proof. The forward-backward method is used to begin 
the proof because the hypothesis and conclusion do not contain keywords. A 
key question associated with the conclusion is, “How can I show that a set 
(namely, A®M B®) is a subset of another set (namely, (AU B)°)?” Using the 
definition of a subset, one answer is to show that 


B1: For every element  € A°N B®, x € (AUB). 


Recognizing the keywords “for every” in the backward statement B1, you 
should now use the choose method to choose 


Al: An element x € ASN B®, 
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for which it must be shown that 
Bl: «€ (AUB). 


A key question associated with B1 is, “How can I show that an element 
(namely, x) is in the complement of a set (namely, AUB)?” From the definition 
of the complement of a set, you must show that 


B2: « €AUB. 


Working forward now from A1, by definition of the intersection of two sets, 
it follows that 


A2: 2 € Ac AND we BY. 
By the definition of the complement of a set, 42 means that 


A3: cx AAND& ZB. 


Using the rules of negation in Chapter 10, you can rewrite A3 as follows: 


A4: NOT [# € AOR we BI. 


According to the definition for the union of two sets, 44 means that 


A5: NOT [# € AU Bl, that is, x ¢ AUB. 


The proof is now complete because A5 is the same as B2. 


Proof. To see that A°N B® C (AUB)*, let « € (AUB)* (the word “let” here 
indicates that the choose method is used). Because « € ASM B*, it follows 
that « € A® and x € B*, that is, x ¢ A and x ¢ B. This, in turn, means that 
it is not true that x € A or x € B, that is, x ¢ AU B, or, equivalently, that 
x € (AUB)°. The proof is now complete. O 


A.4 Analysis of Proof. The forward-backward method is used to begin the 
proof because there are no keywords in either the hypothesis or conclusion. 
A key question associated with the conclusion is, “How can I show that a set 
(namely, (AM B)°) is a subset of another set (namely, A°U B°)?” Using the 
definition of subset, one answer is to show that 


B1: For every element x € (AM B)°,x € ACUB*. 


Recognizing the keywords “for every” in B1, you should now use the choose 
method to choose 


Al: An element 7 € (AN B)°, 


for which you must show that 


B2: «€ AT UBS. 
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Working forward from A1, by definition of complement, you can say that 


A2: c€ ANB. 


Now, from the definition for the intersection of two sets, A2 is equivalent to 
the statement NOT [a ¢ A AND z € B). Using the techniques in Chapter 8, 
you can rewrite this statement as follows: 


A3: c€AORZEB. 

Again using the definition of the complement of a set, A3 becomes 
A4: x € AC ORE BS. 

Finally, by the definition for the union of two sets, from A4 you have 
A5: x € ATUBS. 

The proof is now complete because A5 is the same as B2. 


A.5 Analysis of Proof. The forward-backward method is used to begin the 
proof because there are no keywords in either the hypothesis or conclusion. 
A key question associated with the conclusion is, “How can I show that a set 
(namely, AC U B®) is a subset of another set (namely, (AM B)°)?” Using the 
definition of subset, one answer is to show that 


B1: For every element  € A°U B°, x € (ANB). 


Recognizing the keywords “for every” in B1, you should now use the choose 
method, as the author does, to choose 


Al: An element x € ASUBS, 

for which you must show that 
B2: 4 €(ANB)-. 

Working forward from A1, by definition of the union of two sets, you have 
A2: x € Ac ORE BS. 

Now, from the definition for the complement of a set, A2 is equivalent to 
A3: cGAORZEB. 

Using the rules for negation in Chapter 10, you can rewrite A3 as follows: 
A4: NOT [a € A AND ve BI. 

By the definition for the intersection of two sets, from A4 you have 
A5: NOT [# € AN Bl, that is, 7 g ANB. 

Finally, by the definition of the complement of a set, 45 means that 
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A6: « € (ANB). 
The proof is now complete because A6 is the same as B2. 


A.6 Analysis of Proof. The forward-backward method is used to begin the 
proof because there are no keywords in either the hypothesis or conclusion. 
A key question associated with the conclusion is, “How can I show that a set 
{namely, (AU B)N(AUC)] is a subset of another set [namely, AU(BNC)]?” 
Using the definition for subset, one answer is to show that 


B1: For every element x € (AUB)N(AUC), « € AU(BNC). 


Recognizing the keywords “for every” in the backward statement Bl, you 
should use the choose method to choose 


Al: An element « € (AUB)N(AUC), 


for which it must be shown that 


B3: «€ AU(BNC). 


A key question associated with B3 is, “How can I show that an element 
(namely, x) is in the union of two sets (namely, A and BNC)?” Answering 
this question using the definition, you must show that 


B4: ce AORrE BNC. 


Turning to the forward process, from Al and the definition for the inter- 
section of two sets, you can say that 


A2: r©e AUB AND te AUC. 


From the first statement in A2 and the definition for the union of two sets, 
you know that 


A3: ce AORTEB. 


Recognizing the keywords “either/or” in the forward statement A3, you should 
now use a proof by cases. Accordingly, you must first assume that « € A and 
show that B4 is true and then assume that x € B and show that B4 is true, 
as is done now. 


Case 1: Assume that x € A (for which it will be shown that B4 is true). 
Because x € A, x € Aor x € BNC, so B4 is true. This leaves ... 


Case 2: Assume that x € B (for which it will be shown that B4 is true). 
From the second statement in A2, you know that x € AUC. By the 
definition for the union of two sets this means that 


A4: ce AORZEC. 


SOLUTIONS TO EXERCISES IN APPENDIX A 183 


Proceeding again by cases, if « € A, B4 is true, so you can assume that 
x € C. You now have that « € B and x € C, which means by definition of 
the intersection of two sets that « € BNC, and so B4 is again true. The 
proof is now complete. 


Proof. To see that (AUB)N (AUC) C AU(BNC), let  € (AUB)N(AUC) 
(the word “let” here indicates that the choose method is used). It will be 
shown that « € AU(BNC). Because x € (AUB) (AUC), by definition, 
x€AUBandxe AUC. The first of these statements means that x € A or 
x € B. Ifa € A (Case 1 in the foregoing Analysis of Proof), then it follows 
that « € A or x € BNC and so the proof would be finished. On the other 
hand, if « € B (Case 2 in the foregoing Analysis of Proof), then you also 
know that x € Aora EC. Ifa eA, then x € AU(BNC) while if x € C, 
then you have that « € BNC and again x € AU(BNC). Thus, in all cases, 
x € AU(BNC), and so the proof is complete. O 


A.7 Analysis of Proof. The forward-backward method is used to begin the 
proof because there are no keywords in either the hypothesis or conclusion. 
A key question associated with the conclusion is, “How can I show that a set 
[namely, AN (BU C)] is equal to another set [namely, (AM B)U (AN C)]?” 
Using the definition for equality of two sets, one answer is to show that 


Bl: AN(BUC) C (AN B)U(ANC) and also 
(AN B)U(ANC)C AN(BUC). 


A key question associated with the first statement in Bl is, “How can I 
show that a set [namely, AM (BU C)] is a subset of another set [namely, 
(An B)U(ANC)]?” Using the definition for subset, one answer is to show 
that 


B2: For every element x € AN(BUC), « € (ANB)U(ANC). 


a 


Recognizing the keywords “for every” in the backward statement B2, you 
should use the choose method to choose 


Al: Anelement « € AN(BUC), 


for which it must be shown that 


B3: « € (AN B)U(ANC). 


A key question associated with B3 is, “How can I show that an element 
(namely, x) is in the union of two sets (namely, ANB and ANC)?” Answering 
this question using the definition, you must show that 


B4: re ANBORZE ANC. 


Turning to the forward process, from Al and the definition for the inter- 
section of two sets, you can say that 
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A2: ce AAND ze BUC. 


Because x € A from A2, you can establish B4 if you can show that 


BS: ce BORZEC. 


However, B5 is true from the second statement in A2 according to the defi- 
nition of the union of two set. 
Thus, from B1, it remains to show that 


B6: (AN B)U(ANC)C AN(BUC). 


A key question associated with B6 is, “How can I show that a set [namely, 
(AN B)U(ANC)] is a subset of another set [namely, AN (BUC)]?” Using 
the definition for subset, one answer is to show that 


B7: For every element x € (AN B)U(ANC), « € AN(BUC). 


Recognizing the keywords “for every” in the backward statement B7, you 
should use the choose method to choose 


A3: An element x € (AN B)U(ANC), 
for which it must be shown that 
B8: «cE AN(BUC). 


A key question associated with B8 is, “How can I show that an element 
(namely, x) is in the intersection of two sets (namely, A and BUC)?” An- 
swering this question using the definition, you must show that 


BY: ce AAND te BUC. 


Turning to the forward process, from A3 and the definition for the union 
of two sets, you can say that 


A4: ce ANBORZE ANC. 


Recognizing the keywords either/or in A4, you can now use a proof by cases, 
as follows. 


Case 1: Assume that « € AN B (it will be shown that B9 is true). Because 
x € AN B, by definition of the intersection of two sets, you have that 


A5S: c€ AAND ZEB. 


But this means that x € A and also that x € B or x € C, which in turn 
means that B9 is true. This leaves ... 


Case 2: Assume that x € ANC (it will be shown that B9 is true). Because 
xz € ANC, by definition of the intersection of two sets, you have that 
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A6: re AANDZEC. 


But this means that x € A and also that x € C or x € B, which in turn means 
that B9 is true. 

It has now been shown that AN (BUC) = (AN B) U(ANC) and so the 
proof is complete. 0 


Proof. To see that AN (BUC) = (AN B)U(AN OC), it is first shown that 
AN(BUC) C (AN B)U (ANC) and subsequently that (AN B) U(ANC) C 
AN(BUC). To that end, let c € AN(BUC) (the word “let” here indicates 
that the choose method is used). But then « € A and « € BUC, that is, 
x € A and either x € B or x € C. In the case that « € B, you have x € A 
and x € B, sox € ANB. In the case that x € C, you havex € Aandx€C, 
soz € ANC. Thus, in either case, r € (AN B)U(ANC). 

It remains to show that (AN B) U(ANC) C AN(BUC). To that end, let 
x € (AN B)U(ANC) (the word “let” here indicates that the choose method 
is used). But then x € ANBor ax e€ ANC. In the first case, e € A anda € B, 
so x € AM (BUC). In the second case, x € A and x € C,sox€ AN(BUC). 
Thus, in either case, x € AN (BUC) and so (AN B)U(ANC) C AN(BUC). 
It now follows that AN (BUC) = (AN B) U(ANC) and so the proof is 
complete. O 


A.8 Analysis of Proof. The first step of induction is to show that the 
statement is true for n = 1 which, for this exercise, means you must show 
that the following statement is true: 


P(1): Ifthe sets S and T each have n = 1 element, then S x T 
has 1? = 1 element. 


Now P(1) is true because if S = {s} and T = {t}, then S x T = {(s,t)}, 
which has exactly one element. 

The next step of induction is to assume that the statement is true for n, 
that is, assume that 


P(n): If the sets S and T each have n elements, then S x T has 
n? elements. 


You must then show that the statement is true for n+ 1, that is, you must 
show that 


P(n+1): If the sets S and T each have n + 1 elements, then S x T 
has (n +1)? =n? + 2n+ 1 elements. 


The key to a proof by induction is to write P(n + 1) in terms of P(n). To 
that end, suppose that 


S= {81,---,8n,Sn4if and T= {ti,...,tn,tn4i}- 


Letting S’ and T’ be the sets consisting of the first n elements of S and T, 
respectively, from the induction hypothesis you know that S$’ x T’ has n? 
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elements. It remains to show that S x T contains 2n + 1 elements in addition 
to the n? elements of S’ x T’. But, the remaining elements of S x T consist 
of the following. For the element s,,1 € S, you can construct the following 
additional n elements of S x T: (841, t1),---;(Sn41,tn). Likewise, for the 
element tn41 € T, you can construct the following additional n elements of 
Sx T: (81,tn41),---;(S8n,tn41). The final element of S x T is (8,41, tn41). 
The proof is now complete. 


Proof. If the sets S and T each have n = 1 elements, then S$ x T has 1? = 1 
element because if S = {s} and T = {t}, then S x T = {(s,t)}, which has 
exactly one element. 

Assume now that the statement is true for n. It must be shown that if the 
sets S and T each have n+ 1 elements, then S x T has (n+1)? =n?+2n+1 
elements. To that end, letting S’ and T’ be the sets consisting of the first 
n elements of S and T, respectively, you can count the following number of 
elements in S' x T: 


S’ x T’ n? elements by the induction hypothesis 
(Sn41,t1),--+;(Sn+1;t) mn elements 

($1, tn+41),--+;(Sn,tn41) 7m elements 

(Sn41,tn41) 1 element 


Putting together the pieces, S$ x T has n? +n+n+1 = (n+1)? elements, 
and so the proof is complete. 0 


A.9 Analysis of Proof. The first step of induction is to show that the 
statement is true for n = 1 which, for this exercise, means you must show 
that the following statement is true: 


P(1): If the set T has n = 1 element, then 27 has 2! = 2 ele- 
ments. 


Now P(1) is true because if T = {t}, then 27 = {{t},0}, which has exactly 
two elements. 

The next step of induction is to assume that the statement is true for n, 
that is, assume that 


P(n): If the set T has n elements, then 27 has 2” elements. 


You must then show that the statement is true for n+ 1, that is, you must 
show that 


P(n+1): If the set T has n+1 elements, then 27 has 2”+! elements. 


The key to a proof by induction is to write P(n + 1) in terms of P(n). To 
that end, suppose that 


T ={t1,..-,tn,tnyi} and T’ = {t,...,tn}. 
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The subsets of T consist of those that do not contain the element t,41 and 
those subsets that do contain the element t,+41;. The subsets of T that do 
not contain the element t,41 are precisely the subsets of the set T’. By the 
induction hypothesis, there are 2” such subsets because T’ has n elements. 
The remaining subsets of T are those that contain the element t,,41. Specif- 
ically, for each subset S’ of T’, you can create the subset 5” U {tn41} of T. 
Thus, in total, 27 has 2” elements from subsets of T’ plus another 2” ele- 
ments corresponding to those subsets of T that contain t,+41. That is, QT has 
2” +2" — 2"! elements, and so the proof is now complete. 


Proof. If the set T has n = 1 element, then 27 has 2! = 2 elements because 
if T = {t}, then 27 = {{t}, 0}, which has exactly two elements. 

Assume now that the statement is true for n. It must be shown that if 
the set T has n +1 elements, say, T = {t1,...,tn,tn4i}, then 27 has 27+! 
elements. Now, some of the subsets of T do not contain the element t,,+1 
while the remaining subsets of T do contain t,41. Letting T’ = {t1,...,tn}, 
the induction hypothesis leads to 2” subsets of T’, each of which does not 
contain t;41. Then, for each of the 2” subsets $” of T’, you can construct the 
subset 5S” U {tn41} of T that contains t,41. Putting together the two pieces, 
27 has 2” + 2” = 2”+1 elements, and so the proof is complete. 0 


A.10 The function f: A— B is not surjective if and only if there is an 
element y € B such that for every element « € A, f(x) 4 y. The statement is 
obtained by using the rules in Chapter 8 to negate the definition of f being 
surjective, as follows: 


NOT|For every element y € B, there is an element « € A 
such that f(#) = y]. 


There is an element y € B such that NOT|there is an element 
x € A such that f(x) = y]. 


There is an element y € B such that for every element x € A, 
NOT[f(a) = yl. 


There is an element y € B such that for every element x € A, f(x) £ y. 


A.11 The function f : A — B is not injective if and only if there are elements 
u,v € A with u # v such that f(u) = f(v). The statement is obtained by 
using the rules in Chapter 10 to negate the definition of f being injective, as 
follows: 


NOT |For all elements u,v € A with uF v, f(u) F f(v)]. 


There are elements u,v € A with u 4 v such that 


NOT [f(u) 4 f(v)]- 


There are elements u,v € A with u 4 v such that f(u) = f(v). 
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A.12 Yes, the function f: R— Rt = {x € R: x > 0} defined by f(x) = |2| 
is surjective because of the following proof. 


Analysis of Proof. From the backward process, a key question associated 
with the conclusion is, “How can I show that a function (namely, f(x) = |2]) 
is surjective?” One answer is by the definition, so you must show that 


B1: For every element y € R*, there is an element x € R such 
that f(x) = |z| = y. 


Recognizing the keywords “for every” in B1, you should use the choose method 
to choose 


Al: An element y € Rt, 


for which you must show that 


B2: There is an element x € R such that |x| = y. 


Recognizing the keywords “there is” in the backward statement B2, you should 
now use the construction method to construct the value of « € R such that 
|x| = y. However, because from Al y € R* = {x € R: x > 0}, you know 
that y > 0. Thus, you can 


A2: Construct x = y. 


According to the construction method, you must show that the value of x 
in A2 satisfies the certain property (« € R) and the something that happens 
(|x| = y) in B2. Now a € R because x = y is a real number. Finally, because 
x =y > 0, it follows that |x| = |y| = y. The proof is now complete. 


Proof. To show that f:R— Rt defined by f(x) = |2| is surjective, let 
y € R*. (The word “let” here indicates that the choose method is used.) It 
must be shown that there is an element x € R such that |x| = y. To that 
end, let « = y and y is a real number. (The word “let” here indicates that 
the construction method is used.) But because « = y > 0, it follows that 


Iz]=lyl=y. O 


A.13 The function f: R- S = {x € R: x > 0} defined by f(x) = |a| is not 
injective because of the following proof. 


Analysis of Proof. From the backward process, a key question associated 
with the conclusion is, “How can I show that a function (namely, ||) is not 
surjective?” (An alternative approach is to use the contradiction or contra- 
positive method). One answer is by writing the negation of the definition of 
an injective function—as was done in the solution to Exercise A.11—so, you 
must show that 
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B1: There are elements u,v € R with u ¥ v such that |u| = |v]. 


Recognizing the keywords “there are” in the backward statement Bl, you 
should use the construction method to construct real numbers u and v with 
u#v such that |u| = |v]. Specifically, you can 


Al: Construct u=1 and v = —1. 


It is easy to see that u 4 v and also that |u| = |1| = 1 = | — 1| = |v], so the 
proof is complete. 


Proof. To see that the function f: R= S={x¢€R:a>0} defined by 
f(a) = |x| is not injective, let u = 1 and v = —1 (the word let here indi- 
cates that the construction method is being used). Then clearly u 4 v and 
|u| = |1] = 1 =| — 1] =|v|, so the proof is complete. O 


A.14 The desired condition for f(x) = ax + b to be injective is that a ¥ 0, 
as established in the following proof. 


Analysis of Proof. A key question associated with the conclusion is, “How 
can I show that a function (namely, f(x) = ax + b) is injective?” Using the 
definition, one answer is to show that 


B1: For all real numbers u and v with u#v, au+b#avt+ob. 


Recognizing the keywords “for all” in the backward statement B1, you should 
now use the choose method to choose 


A1: Real numbers u and v with u 4 v, 


for which you must show that 


B2: au+bAavt+b. 


Recognizing the keyword “not” in B2 (and also in Al), you should now con- 
sider using either the contradiction or contrapositive method. Here, the con- 
trapositive method is used. So, you can assume that 


A2 (NOT B2): aut+b=av+ob. 
According to the contrapositive method, you must now show that 
B3 (NOT Al): u=v. 


You can obtain B3 by working forward from A2 and the assumption that 
a # 0, as follows: 


au+b=av+b (from A2) 
au = av (subtract 6 from both sides) 
U=v (divide both sides by a 4 0). 


The proof is now complete. 
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Proof. To show that the function f(x) = ax + 6 is injective, assuming that 
a # 0, let u and v be real numbers with f(u) = f(v), that is, au+b = av+b. 
It will be shown that u = v, but this is true because 


au+b=av+b (from A2) 
au = av (subtract 6 from both sides) 
U=v (divide both sides by a 4 0). 


The proof is now complete. 0 


A.15 The desired condition for f(x) = ax + b to be surjective is that a 4 0, 
as established in the following proof. 


Analysis of Proof. A key question associated with the conclusion is, “How 
can I show that a function (namely, f(x) = ax + b) is surjective?” Using the 
definition, one answer is to show that 


B1: For all real numbers y, there is a real number x such that 
ax+b=y. 


Recognizing the keywords “for all” in the backward statement B1, you should 
now use the choose method to choose 


Al: A real number y, 


for which you must show that 


B2: There is a real number x such that az +b = y. 


Recognizing the keywords “there is” in the backward statement B2, you should 
now use the construction method to construct the desired value for x. To do 
so, solve the equation in B2 for x using the fact that a 4 0: 

y—b 


c= . 
a 


It is easy to see that this constructed value of x is a real number that satisfies 
ax +b=y in B2, and so the proof is complete. 


Proof. To show that the function f(x) = ax + b is surjective, assuming that 
a #0, let y be a real number. It must be shown that there is a real number 
x such that ax +b = y. However, using the fact that a 4 0, the desired value 
of x is x = (y — b)/a because 


az +b =a" +b=y—-—b+b=y. 


a 


The proof is now complete. 0 


A.16 Analysis of Proof. The keyword “unique” in the conclusion suggests 
using the backward uniqueness method. Accordingly, it is first necessary 
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to construct a fixed point x, of f. However, this fixed point is given in the 
hypothesis. It remains to show that there is at most one fixed point of f. Here, 
the author uses the indirect uniqueness method to do so and thus assumes 
that, in addition to the fixed point x, of f, 


Al: y, # x, is also a fixed point of f. 


The author now works forward from A1, the hypothesis, and the fact that 
xz, is a fixed point of f to reach the contradiction that a > 1. Specifi- 
cally, the author specializes the hypothesis that for all real numbers x and y, 
f(y) — f(x)| < aly — z| to the values y = y, and x = x, to obtain 


A2: |f(Yx) — f(t«)| S lye — &a|- 


The author now works forward from the fact that x, and y, are fixed points 
of f to obtain 


| f(a) — f(y«)| (because x. and y, are fixed points of f) 


Jee — Ys] = 
< alr. — yx| (from A2). 


The author then divides both sides of the foregoing inequality by the number 
|x. — yx|, which is > 0 because x, 4 yx (see Al), to obtain that a > 1. But 
this contradicts the hypothesis that a < 1, and so the proof is complete. 


A.17 Analysis of Proof. The author uses a proof by induction and, ac- 
cordingly, begins by verifying that the statement is true for the first value of 
the integer n, namely, n = 0. To that end, the author verifies that 


|zo — 2+| = a°|a9 — 2, |. 

The author then correctly assumes the induction hypothesis that 

Al: |tp — 2.| <a" |x — @,|. 
According to the induction method, the author must now verify the statement 
for n+ 1, that is, that 

Bi: |¢n41— @4| < a"t1|29 — 2, |. 
The author starts with the left side of the inequality in B1 and first states 
that 

A2: |tn41 — &s| =|f(@n) — flxs)I- 


Now A2 is true because, from the hypothesis, tn41 = f(a) and also z, isa 
fixed point of f, so x, = f(a.). The author then specializes the hypothesis 
that for all real numbers x and y, | f(y)— f(z)| < aly—2| to the values y = xp, 
and x = x,, to obtain 


A3: |f(tn) — f(@«)| S alan — &.|. 


The author then uses the induction hypothesis to conclude that 


192 SOLUTIONS TO EXERCISES IN APPENDIX A 


A4: alz, —24| < a(a™|xo — 2. |). 


Finally, the author uses algebra to rewrite the right side of the last inequality 
as a"t!|29 — a,|. The proof is now complete because the author has shown 
from A2, A3, and A4, that |¢nyi—2.|<a"t|r9—2,|. O 


Appendix B 
Solutions to Exercises 


B.1 a. A key question associated with the properties in (j), (k), and (1) in 
Table B.1 is, “How can I show that two real numbers are equal?” 
This is because the dot product of two n-vectors is a real number. 
b. Using the definition, one answer to the key question, “How can I 
show that two n-vectors are equal?” is to show that all n components 
of the two vectors are equal. Applying this answer to the n-vectors 
x+y = y+x means you must show that for every integer i = 1,...,n, 
(x+y): =(y + x), that is, you must show that 


B1: For every integer i= 1,...,n, e% +Yy=Yt+%. 


c. Based on the answer in part (b), the next technique you should use 
is the choose method because the keywords “for all” appear in the 
backward statement B1. For that statement, you would choose 


Al: An integer i with 1 <i<n, 
for which you must show that 


B2: 46 +y%= y+ %. 
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B.2. Analysis of Proof. Following the approach in Exercise B.1, a key 
question associated with showing that x + y = y +x is, “How can I show 
that two n-vectors are equal?” By definition, one answer is to show that all 
components are equal; that is, 


B1: For every integer i =1,...,n, (x+y); = (y+x);; that is, 
LET Yi = Yi t VM. 


Recognizing the keywords “for all” in the backward statement B1, you should 
proceed with the choose method and choose 


Al: An integer i with 1 <i<n, 
for which you must show that 


B2: a, +y%= yt %. 


However, B2 is true because of the commutative property of addition of real 
numbers, and so the proof is complete. 


Proof. To see that x + y = y + x, let 7 be an integer with 1 <i<n. (The 
word “let” here indicates that the choose method is used.) But then you have 
that (x+y); =“: + y= yi +21 = (y + x); by the commutative property of 
addition of real numbers, and so the proof is complete. O. 


B.3 Analysis of Proof. The forward-backward method is used to begin 
the proof because the hypothesis and conclusion do not contain any keywords. 
A key question associated with showing that (x + y)+z=x-+(y +2) is, 
“How can I show that two n-vectors are equal?” By definition, one answer is 
to show that all components are equal, that is, 


B1: For every integer i = 1,...,n, [(k+y)+z]; = [k+(y+z)]:, 
that is, (x+y); +z, =x; +(y+2z);, that is, 
(tit yi) + 2% = 2i + (Yi t+ %). 


Recognizing the keywords “for all” in the backward statement B1, you should 
proceed with the choose method and choose 


Al: An integer i with 1 <i<n, 
for which you must show that 
B2: (a; +yi)+ 2% = %i + (Yi t+ 2). 


However, B2 is true because of the associative property of addition of real 
numbers, and so the proof is complete. 


Proof. To see that (x+y)+z = x+(y+z) , let ¢ be an integer with l<i<n 
(the word “let” here indicates that the choose method is used). But then you 
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have that (a; +y;) +2: = «i+ (yi +2:) by the associative property of addition 
of real numbers, and so the proof is complete. [. 


B.4 Analysis of Proof. The forward-backward method is used to begin the 
proof because the hypothesis and conclusion do not contain any keywords. A 
key question associated with showing that ¢t(x + y) = tx + ty is, “How can 
I show that two n-vectors (namely, t(x + y) and tx + ty) are equal?” By 
definition, one answer is to show that all components are equal, that is, 


B1: For every integer i=1,...,n, [t(x +y)]; = (tx + ty);. 


Recognizing the keywords “for all” in the backward statement B1, you should 
proceed with the choose method and choose 


Al: An integer i with 1 <i<n, 
for which you must show that 
B2: [t(x+y)]; = (tx +ty);. 


However, B2 is true because [t(x+y)]; = t(x+y); =t(ait+y) =ta, tty = 
(tx + ty); and so the proof is complete. 


B.5 Recognizing the keyword unique in the conclusion of the proposition, the 
direct uniqueness method is used. According, in addition to the real numbers 
t1,...,t, in the hypothesis that satisfy 


Al: x= tx +--+ +¢,x*, 
the author assumes that 


A2: There are real numbers s1,..., 5, that also satisfy 


x = 5yxt +--+ + Spx". 


According to the direct uniqueness method, it must now be shown that 
Bl: s; =t,...,5~ = tr. 


The author now works forward to do so. Specifically, from Al and A2, the 
author concludes that 


A3: syx! +---+4+ spx* =t x! +--+ + tyx*. 


Using the properties of vector operations in Table B.1, the author rewrites 
A3 as follows: 


A4: (8; —t1)x? + +--+ (sp —ty)x* = 0. 


The author then works forward by definition from the hypothesis that the 
vectors x!,...,x* are linearly independent to state that 
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A5: For all real numbers a1,...,a% with ayx'+---+a,x* = 0, 
it follows that aj =---=az, =0. 


Recognizing the keywords “for all” in the forward statement A5, the author 
specializes this statement with a, = 5s; —t,,...,a, = 5% —t,. Noting from A4 
that these values satisfy the certain property in A5 that a;x!+---+a,x* =0, 
the result of specialization is 


A6: s; —t) =0,...,5, —ty =0, that is, 5; =t),..., 5% = tr. 


The proof is now complete because A6 is the same as B1. 


B.6 Analysis of Proof. The forward-backward method is used to begin 
the proof because the hypothesis and conclusion do not contain any keywords. 
A key question associated with the conclusion is, “How can I show that two 
n-vectors (namely, x and y) are linearly independent?” Using the definition, 
one answer is to show that 


B1: For all real numbers a and 6b with ax+ by =0,a=b=0. 


Recognizing the keywords “for all” in the backward statement B1, you should 
now use the choose method to choose 


A1: Real numbers a and b with ax + by = 0, 
for which you must show that 
B2: a=b=0. 


To that end, work forward from Al by multiplying both sides of the equality 
in Al by the vector x to obtain 


A2: (ax + by)*x = Oex. 

Using the properties of vector operations in Table B.1, A2 becomes 
A3: a(xex) + b(xey) =0. 

From the hypothesis that xe y = 0, A3 becomes 
A4: a(xex) =0. 


Finally, because it is stated in the hypothesis the x 4 0, it follows that 
xex = (4) )a1 + ---+(an)an #0. On dividing A4 by xe x 4 0, you obtain 


A5: a=0. 


Multiplying both sides of the equality in Al by the vector y and using forward 
steps similar to those in A2, A3, and A4 results in 


A6: b=0. 


The proof is now complete because A5 and A6 are the same as B2. 
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Proof. To see that the n-vectors x and y are linearly independent, let a and 
b be real numbers with ax + by = 0 (the word “let” here indicates that the 
choose method is used). It will be shown that a = b = 0. To see that a = 0, 
you have 


(ax+by)ex = Ox (multiply through by x) 
a(xex)+b(xey) = 0 (properties of vector operations) 
a(xex) = 0 (hypothesis that xe y = 0). 


Because the hypothesis states that x # 0, you can divide the final of the 
foregoing equalities through by the nonzero number xe x to obtaina=0. A 
similar set of operations shows that b = 0 and completes the proof. 0 


B.7 The n-vectors x!,...,x* are linearly dependent if and only if there 


are real numbers f1,...,¢,, not all 0, such that tx! +---+t,x* = 0. This 
statement is obtained by using the rules in Chapter 8 to negate the definition 
of the n-vectors x!,...,x* being linearly independent, as follows: 


NOT{For all real numbers t,,...,t, with t:x!+---+t,x* = 0, it follows 


that t) =---=t, =O]. 
There are real numbers t1,...,t, with t;x! +---+t,x* = 0 such that 
NOT[t: =---=t, =O). 
There are real numbers t1,...,t, not all 0 such that t;x!+- --+t,x* = 0. 


B.8 Analysis of Proof. The forward-backward method is used to begin 
the proof because the hypothesis and conclusion do not contain keywords. A 
key question associated with the conclusion is, “How can I show that some n- 
vectors (namely, x!,...,x*,0) are linearly dependent?” Using the definition 
in Exercise B.7, one answer is to show that 


B1: There are real numbers t),...,t%, t+, not all 0 such that 
tyxt +--+» +t,x* +t,410 = 0. 


Recognizing the keywords “there are” in the backward statement Bl, you 
should now use the construction method to produce the real numbers ¢1,..., tx, 
tp41 in Bl. To that end, you can 


Al: Construct the real numbers t; = 0,...,t, = 0,th41 = 1. 


According to the construction method, you must show that the values con- 
structed in Al satisfy the certain property of not all being 0 as well as the 
something that happens in Bl. It is easy to see that not all the values in 
Al are 0 because t,41 = 1. Finally, the constructed values in A1 satisfy the 
something that happens in B1 because 


tyxt +--+ tyx® + tp410 = Ox! +---+0x* + 1(0) =0, 
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the last equality being true from the properties of vector operations in Table 
B.1. The proof is now complete. 


Proof. To see that the n-vectors x!,...,x*,0 are linearly dependent, by 


the definition in Exercise B.7, it will be shown that there are real numbers 
ty,..-,tk, tk41 not all 0 such that tyxt +--+ tpx® + tp410 = 0. Specifically, 
the real numbers ¢; = 0,...,t, = 0,t,41 = 1 are not all 0 and satisfy 


tyxt +--+ + tex® + t,410 = Ox? +---+0x* + 1(0) =0. 
The proof is now complete. 0 


B.9 Analysis of Proof. The forward-backward method is used to begin 
the proof because the hypothesis and conclusion do not contain keywords. A 
key question associated with the conclusion is, “How can I show that some n- 
vectors (namely, x',...,x*,x) are linearly dependent?” Using the definition 
in Exercise B.7, one answer is to show that 


B1: There are real numbers ¢;,...,t%,t¢%41 not all 0 such that 
tyxt eee + tyxk + teh41x = 0. 


Recognizing the keywords “there are” in the backward statement Bl, you 
should now use the construction method to produce the real numbers 
t1,...,tk, tk41 in Bl. To that end, you can work forward from the hypothesis 
that the n-vectors x!,...,x* are linearly dependent which, by the definition 
in Exercise B.7, means that 


Al: There are real numbers s1,...,s, not all zero such that 
syx' +---+5,x* =0. 


You can use these values, together with the number 0, to construct the k + 1 
real numbers in B1, as follows: 


A2: Construct the real numbers t; = s1,...,th = Sx, th41 = 0. 


According to the construction method, you must show that the values con- 
structed in A2 satisfy the certain property of not all being 0 as well as the 
something that happens in Bl. It is easy to see that not all the values in 
A2 are 0 because, according to Al, not all of the values s,,...,s,% are 0. Fi- 
nally, the constructed values in Al satisfy the something that happens in B1 
because 


tyxt tee etx” +tpaix = yx +---+s,x*+0(x) (from A2) 
= gx'+---+8,x* (Ox = 0) 
= 0 (from A1). 


The proof is now complete. 


Proof. To see that the n-vectors x!,...,x*,x are linearly dependent, by 


the definition in Exercise B.7, it will be shown that there are real numbers 
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t1,...,tg,tk41 not all 0 such that t)x! +---+t,x* +t,41x = 0. To that end, 


from the hypothesis that the n-vectors x!,...,x* are linearly dependent, by 
the definition in Exercise B.7, there are real numbers s1,...,5, not all zero 
such that s;x!+---+s,x* = 0. Setting t; = s1,...,tp = sz, te41 = 0, it is 


easy to see that not all these values are 0. Furthermore, you have 


tox +--+ ttpx*® + tex = syxt+---+5,x* + 0(x) 
= gx'+---+ 9,x* 
= 0. 


The proof is now complete. 0 


B.10 a. A common key question associated with the properties in Table B.2 
is, “How can I show that two matrices are equal?” 

b. Using the definition, one answer to the key question in part (a) is 
to show that the matrices have the same dimensions and that all 
elements of the two matrices are equal. Applying this answer to the 
matrices A+B and B+A that both have the dimensions m xn means 
you must show that for every integer 1 = 1,...,m and 7 =1,...,n, 
(A+ B),; = (B+ A);;, that is, you must show that 


B1: For every integer 7 = 1,...,m and for every integer 7 = 
De aces Ajj + Bi; = Bi; + Ajj. 


c. Based on the answer in part (b), the next technique you should use 
is the choose method because the keywords “for every” appear in the 
backward statement Bl. For that statement, you would choose 


Al: Integers 2 and j with 1<i<mandl<j<n, 
for which you must show that 


B2: Ajj + Bij => Bi; + Ajj. 


B.11 Analysis of Proof. Following the approach in Exercise B.10, a key 
question associated with showing that A+ B = B+ A is, “How can I show 
that two matrices are equal?” By definition, one answer is to show that they 
have the same dimensions (which they do because both A+ B and B+ A are 
(m x n) matrices) and that all components are equal; that is, 


B1: For every integer i= 1,...,m and for every integer 
qe een, (A+ B)i; = (B + A)ij, that is, Ajj + Bij = 


Recognizing the keywords “for every” in the backward statement Bl, you 
should proceed with the choose method and choose 


Al: Integers 2 and j with 1<i<mand1l<j<n, 
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for which you must show that 


B2: Aij + Bi; => Bi; + Ajj. 


However, B2 is true because of the commutative property of addition of real 
numbers, and so the proof is complete. 


Proof. To see that A+ B = B+ A, note that the dimensions of both A+B 
and B+A are (mxn), so let i and j be integers with 1<i<mand1l<j<n. 
(The word “let” here indicates that the choose method is used.) But then you 
have that (A+ B)i; = Ai; + Bi; = Bi; + Ai; = (B + A)ij by the commutative 
property of addition of real numbers, and so the proof is complete. 0. 


B.12 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or conclusion. A 
key question associated with showing that (A+ .B)+C = A+(B+C) is, “How 
can I show that two matrices are equal?” By definition, one answer is to show 
that the two matrices have the same dimensions (which they do because both 
(A+ B)+C and A+(B+C) are (m xn) matrices) and that all components 
are equal, that is, 


B1: For every integer 7 = 1,...,m and for every integer 
j=l,...,n, (A+ B)+ Chi, = [A+ (B+ C)]ij, that is, 
(A + B)i; + Ciy = Aij + (B + C)i5, that is, 
Recognizing the keywords “for every” in the backward statement Bl, you 
should proceed with the choose method and choose 


Al: Integers i and j with 1<i<mandl<j<n, 


for which you must show that 


However, B2 is true because of the associative property of addition of real 
numbers, and so the proof is complete. 


Proof. To see that (A+ B)+C = A+(B+C), note that the dimensions of 
both (A+ B)+C and A+(B+C) are (mx n), so let i and j be integers with 
1<it< mandi < j <n (the word “let” here indicates that the choose 
method is used). But then you have that [(A+ B)+C],; =[A+(B+C)i;, 
that. is, (A + B)i; + Ci; = Ajj + (B + C)iy, that is, (Ai; + B;;) + Ci; = 
Aji; + (By; + Cij). The last equality is true by the associative property of 
addition of real numbers, and so the proof is complete. 0. 


B.13 Analysis of Proof. The keyword “unique” in the conclusion suggests 
that you should use the backward uniqueness method. Accordingly, it is first 
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necessary to construct a matrix C such that AC = CA = I. However, because 
the hypothesis states that A is invertible, indeed, by definition, you know that 


Al: There is an (n x n) matrix C' such that AC =CA=I. 


The next step is to prove that there is at most one such matrix. To that end, 
the direct uniqueness method is chosen. Accordingly, assume that there is 
another such object, so, you should now assume that 


A2: There is an (n x n) matrix D such that AD = DA=T, 


for which you must show that 
Bl: C=D. 
Specifically, you can work forward from Al and A2 to establish B1, as follows: 


AC = I (from Al) 
D(AC) = D _ (multiply on the left by D) 
(DA)C = D (property of matrix multiplication) 
IC = D (from A2) 
C = D (property of I). 


The proof is now complete. 


Proof. By definition of an invertible matrix, there is an (n x n) matrix C 
such that AC = CA = I. To show that C is unique, assume that D is also 
an (n x n) matrix that satisfies AD = DA = I. But then you have that 
C' = D by the steps in the foregoing analysis of proof, and so the proof is now 
complete. O 


B.14 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or conclusion. A 
key question associated with the conclusion that A(B +C) = AB + AC is, 
“How can I show that two matrices are equal?” By definition, one answer is to 
show that the two matrices have the same dimensions (which they do because 
both A(B+C) and AB + AC are (m x n) matrices) and that all components 
are equal; that is, 


B1: For every integer 1 = 1,...,m and for every integer 


Recognizing the keywords “for every” in the backward statement Bl, you 
should proceed with the choose method and choose 


Al: Integers 7 and j with 1<i<mand1<j<n, 
for which you must show that 
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By definition of matrix multiplication, the element in row i and column 7 
of A(B + C) is A;,*(B+C),; while the element in row i and column j of 
AB + AC is (AB); + (AC);;. Thus, you must show that 


However, starting with the left side of B3, you have 


A2: Ais ad (B+C).; = Aix © (Bij +Cx;) = Aix 7 By; +Ajx = Cy; = 
(AB); + (AC);;. 


The proof is now complete because A2 is the same as B3. 


Proof. To see that A(B + C) = AB + AC, note that both matrices have 
dimension (m x n), so, let i and 7 be integers with 1 <<i< mand1l<j<n. 
(The word “let” here indicates that the choose method is used.) You then 
have: 
[A(B + C)]ij Aj? (B+ C)x; (def. of matrix multiplication) 
= Aj? (Bij + Cy;) (prop. of matrix addition) 
= Aj By; + Aine Cs; (prop. of vector dot product) 
( 
( 


l| 


= (AB); + (AC); def. of matrix multiplication) 
= (AB+ AC); definition of matrix addition). 


The proof is now complete. 0 
B.15 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or conclusion. In 


this case, the author works forward by definition from the hypothesis that C 
is invertible to claim that 


Al: There is an (n x n) matrix D such that CD = DC = I. 


The author then works forward from Al and the hypothesis that AC = I to 
claim that all of the following statements are true: 


AC = I (from the hypothesis) 
(AC)D = ID (multiply on the right by D) 
A(CD) = D _ (property of matrix multiplication and J) 
AI = D _ (from Al) 
A = D _ (property of I) 
CA = CD (multiply on the left by C) 
CA = I (from A1). 


The proof is now complete because the final equality is the desired conclusion. 


B.16 The error is in the author’s application of the construction method. 
Specifically, the author uses the construction method to produce an (n x n) 
matrix C such that AC = CA =I. The author constructs the matrix C' and 
correctly shows that AC = I but fails to show that CA = J, as required. 


Appendix C' 
Solutions to Exercises 


C.1 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or conclusion. A 
key question associated with the conclusion a|(—b) is, “How can I show that 
an integer (namely, a) divides another integer (namely, —b)?” Using the 
definition, one answer is to show that 


B1: There is an integer d such that —b = da. 


Recognizing the keywords “there is” in the backward statement B1, you should 
now use the construction method. Specifically, turn to the forward process to 
construct the desired integer d. 

Working forward from the hypothesis that a divides b, by definition, you 
know that 


A1: There is an integer c such that b = ca. 
Multiplying the equality in Al through by —1 yields that 
A2: —b = (-c)a. 
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From A2 you can see that the desired value of the integer d in B2 is d= —c. 
According to the construction method, you must still show that this value of d 
satisfies the certain property and the something that happens in B1, namely, 
that —b = da, but this is clear from A2. 


Proof. To show that a|(—b), by definition, it is shown that there is an integer 
dsuch that —b = da. However, from the hypothesis that a|b, there is an integer 
c such that 6 = ca. Letting d = —c, it is easy to see that —b = (—c)a = da, 
thus completing the proof. 0 


C.2. Analysis of Proof. It is important to realize that the conclusion of 
this proposition contains the hidden keywords “either/or” because you can 
rewrite the conclusion, as follows: 


B1: Either a= +bora=-—b. 


Recognizing the keywords “either/or” in the backward statement B1, you 
should now use a proof by elimination (see Section 12.1). Accordingly, you 
should assume the hypothesis, A, and 


Al: a# +, 
and you must show that 
Bl: a=—b. 
Turning to the forward process, from the hypothesis that a|b, by definition, 
A2: There is an integer c such that b = ca. 
Likewise, from the hypothesis that b|a, by definition, 
A3: There is an integer d such that a = db. 
Substituting A2 in A3, you have 
A4: a =db = (dc)a. 


Observe that if you could divide the equality in A4 through by a, it would 
follow that 


A5: 1= de. 
The only way the product of the integers c and d can be 1 is if 
A6: Either c=d=1o0rc=d=-1. 


Now it cannot be that c = d = 1, for otherwise, from A2 and A3, it would 
follow that a = b, which contradicts Al. Thus, it must be that 


A7: c=d=-l. 
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Finally, from A3 it follows that a = —b, and so the proof would be complete. 
However, recall that statement A5 is based on the ability to divide A4 through 
by a. You will only be able to do so when a ¥ 0, so, you must still handle the 
case when a = 0, as is done in the following condensed proof. 


Proof. To see that a = +b, assume that a ¥ b. It will be shown that a = —b. 
From the hypothesis that a|b, there is an integer c such that b = ca. Likewise, 
from the hypothesis that bla, there is an integer d such that a = db. It then 
follows that a = db = (dc)a. Now a ¥ 0 for otherwise b = ca = 0 and 
so a = b = 0, contradicting a # b. Because a ¥ 0, dividing the equation 
a = (dc)a through by a, you have cd = 1. The only way this can happen is if 
c=d=1o0rc=d=-1. The former cannot happen for otherwise a = b. In 
the latter case, a = —b, thus completing the proof. O 


C.3 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or conclusion. A 
key question associated with the conclusion a|(b+ c) is, “How can I show that 
an integer (namely, a) divides another integer (namely, b + c)?” Using the 
definition, one answer is to show that 


B1: There is an integer d such that b+ c = da. 


Recognizing the keywords “there is” in the backward statement B1, you should 
now use the construction method. Specifically, turn to the forward process to 
construct the desired integer d. 

Working forward from the hypothesis that a divides b, by definition, you 
know that 


Al: There is an integer e such that b = ea. 

Likewise, from the hypothesis that a divides c, by definition, 
A2: There is an integer f such that c = fa. 

Adding the equalities in Al and A2 results in 


A3: b+c=ea+ fa=(e+ fa. 


From A3 you can see that the desired value of the integer din Blisd=e+f. 
According to the construction method, you must still show that this value of d 
satisfies the certain property and the something that happens in B1, namely, 
that b+ c= da, but this is clear from A3. 


Proof. To show that a|(b+ c), by definition, it is shown that there is an 
integer d such that b+ c = da. However, from the hypothesis that a|b, there 
is an integer e such that b = ea. Likewise, from the hypothesis that alc, there 
is an integer f such that c = fa. Letting d = e+ f, it is easy to see that 
b+c=ea+ fa= (e+ f)a = da, thus completing the proof. O 
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C.4 Analysis of Proof. The words “Suppose not ...” indicate that the 
author is using the contradiction method (see Chapter 9). Accordingly, the 
author assumes that the conclusion is not true; that is, that 


Al (NOT B): There is an integer a > 1 such that a cannot be 
written as a product of primes. 


The author must now reach a contradiction (which is identified in the last 
sentence of the proof). To that end, from Al, the author constructs 


A2: b = the first integer > 1 such that b cannot be written as 
a product of primes. 


The author is justified in making this statement because the author is spe- 
cializing the Least Integer Principle to the following set: 


M ={c€ Z:c>1 and c cannot be written as a product of primes}. 


To apply specialization, it is necessary to show that M is a nonempty set of 
positive integers. However, Al ensures that M # @) (because a € M) and 
the definition of M ensures that all elements are > 0. Hence, the author 
is justified in making statement A2. The remainder of the proof is working 
forward from A2 to show that b can be written as a product of primes, which 
contradicts A2. Specifically, the author first notes from A2 that 


A3: 6 is not prime. 


Working forward from A3 by writing the negation of the definition of a prime, 
the author states that 


A4: There are integers b; and b2 with 1 < by, b2 < b such that 
b = bybo. 


The author now uses the fact that b is the smallest integer > 1 that cannot be 
written as the product of primes (see A2). Specifically, without telling you, 
the author uses a max/min technique (see Section 12.3) to realize that 


A5: For every integer a with 1 < a < b, a can be written as a 
product of primes. 


Recognizing the keywords “for every” in the forward statement A5, the author 
specializes A5 to a = b; and again to a = bg (which both satisfy 1 < b1, bo <b 
according to A4) to obtain 


A6: There are primes q1,...,@m and r1,...,7n such that 
by = G192°* Gm and by = ryrg-+- Tn. 


Multiplying corresponding sides of the equalities in A6 results in 


AT: b= bybz = (q192° ++ dm) (172° ++ Tn)- 
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However, A7 says that b can be written as a product of primes, which contra- 
dicts A2 and completes the proof. 


C.5 Analysis of Proof. The author recognizes the keywords “there is” in 
the conclusion and so uses the construction method to produce the positive 
integer d. Specifically, the author constructs the integer d by specializing the 
Least Integer Principle to the following set: 


M = {axr+ by > 0: 2,y € Z}. 


To apply specialization, it is necessary to show that M is a nonempty set of 
positive integers. The author uses the hypothesis that a and b are not both 0 
to note that M 4 @ because 0 < a? + b? =aa+bbe M. Also, the definition 
of M ensures that all elements are > 0. Hence, the author is justified in 
constructing d as the smallest element of M/, that is, 


Al: d=am-+bn > 0 is the smallest element of M. 


According to the construction method, it remains to show that the value of 
din Al satisfies the something that happens in the conclusion, that is, the 
author must still show that 


B1: dla and d|b. 
Working backward by definition, to show that dla, it is necessary to show that 


B2: There is an integer q such that a = dq. 


The author uses the Division Algorithm to do so. Specifically, using Proposi- 
tion 35, you can say that 


A2: There are integers gq and r with 0 < r < d such that 
a=dq+tr. 


The integer q in A2 will satisfy a = dq in B2 provided that r = 0 in A2. Thus, 
the author must show that 

B3: r=0. 
This is done by contradiction, so the author assumes that 

A3: r £0, so, from A2,0<r<d. 


The author now reaches a contradiction by showing that r € M, for then, be- 
cause d is the smallest element of M, it must be that r > d, which contradicts 
r <din A3. To show that r € M, the author must show that 


B4: There are integers x and y such that r = ax + by > 0. 


Recognizing the keywords “there are” in the backward statement B4, the 
author uses the construction method to produce the integers x and y. Specif- 
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ically, solving the equality in A2 for r and substituting d = am + bn from Al 
yields 


A4: r=a—dq=a-— (am+ bn)q = a(1 — mq) + b(— ng). 


From A4, you can see that the desired values of x and y in B4 are x = 1— mq 
and y = —ngq. According to the construction method, it is still necessary to 
show that these values of x and y satisfy the property that r = ax + by > 0, 
but this is given in A3. 

It has thus been shown that dja. To complete the proof, according to B1, 
it is still necessary to show that d|b, but this is true by a similar reasoning 
used to show that dla, and so the proof is complete. 


C.6 Analysis of Proof. Recognizing the keyword “only” in the conclusion, 
you should use the backward uniqueness method (see Section 11.1). Accord- 
ingly, you must first construct an identity element of the group G. However, 
this is given in the hypothesis and is property (2) in the definition of a group, 
so you already know that 


Al: There is an element e € G such that for all elements a € G, 
abe=—=eOa=a. 


To show that there is at most one identity element, the direct uniqueness 
method is used here. Accordingly, you should now assume that 


A2: There isan element f € G such that for all elements a € G, 
aOQf=fOa=a. 


You must show that 
Bl: e=f. 


You can obtain B1 by specializing the for-all statements in Al and A2. Specif- 
ically, specializing the for-all statement in Al to a = f (which is in G from 
A2), it follows that 


A3: foe=f. 


Likewise, specializing the for-all statement in A2 to a = e (which is in G from 
Al), it follows that 


A4: foOe=e. 


The desired conclusion in Bl now follows from A3 and A4 because both e 
and f are equal to f © e and hence e = f, thus completing the proof. 


Proof. To see that the identity element e € G is the only element with the 
property that for alla € G,a®e=e@©a =a, suppose that f € G also 
satisfies the property that for alla € G,a© f = fOa=a. Then, because 
e is an identity element of G, f Oe = f. Likewise, because f is an identity 
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element of G, fOe =e. But then f©e = f =e and soe = f, completing 
the proof. O 


C.7 Analysis of Proof. Recognizing the keyword “only” in the conclusion, 
you should use the backward uniqueness method (see Chapter 11). Accord- 
ingly, you must first construct an inverse element of the group G. However, 
this is given in the hypothesis and is property (3) in the definition of a group, 
so, you already know that 

Al: There is an a~! € G such that aa! =a !@©a=e. 


To show that there is at most one such inverse element, the direct uniqueness 
method is used. Accordingly, you should now assume that 


A2: There is an element f € G such that fora© f= fOa=e. 
You must show that 

Bi: f=at. 
To obtain B1, start by combining both sides of the equality in A2 on the left 
by a~ to obtain 

A383: a! O(aO f) =a Oe. 


Specializing the for-all statement in property (1) in the definition of a group, 
from A3 you have 


A4: (a 'Oa)@Of=a'Oe. 
From A1, it follows that 


A5: eOf=a'Oe. 


Finally, specializing the for-all statement in property (2) of the definition of 
a group to each side of A5 results in 


A6: f=a!. 
The proof is now complete because A6 is the same as B1. 


Proof. To see that the inverse element a~! € G is the only element with the 
property that a@ a~! = a~! © a =e, suppose that f € G also satisfies the 
property that a© f = fOa=e. Then, using the properties of a group, it 
follows that 


aOf =e (property of f) 
at@(aOf) = a (combine both sides with a+) 
(a t@a)Of = ate (property (1) of a group) 
eOf = a (property of a~+) 
f = a (property (2) of a group). 


210 SOLUTIONS TO EXERCISES IN APPENDIX C 


The proof is now complete because it has been shown that the inverse element 
is unique. O 


C.8 Analysis of Proof. To reach the conclusion, work forward from the 
hypothesis that a© b = a©c by combining both sides on the left with the 
element a~! (which exists by property (3) of a group) to obtain 


Al: a! 0(a0b) =a '!© (ac). 


Now specialize the for-all statement in property (1) of a group to both sides 
of Al to obtain 


A2: (a 1@a)Ob=(a'!Oa)Oc. 

Using the fact that a~! © a = e from property (3) of a group, 42 becomes 
A3: eOb=eOc. 

Finally, specialize property (2) of a group to both sides of A3 to obtain 
A4: b=c. 


The proof is now complete because A4 is the same as the conclusion of the 
proposition. 0 


Proof. To reach the conclusion that 6 = c, you have that 


a@b = aOc (hypothesis) 
at@®(a®b) = a t@(aOc) (combine both sides with a!) 
(a! @a)Ob = (a-!©a)Oc (property (1) of a group) 
e@b = eGe (property of a~+) 
b= ¢c (property of e). 


The proof is now complete. 0 


C.9 Analysis of Proof. To reach the conclusion, work forward from the 
hypothesis that b © a = c© a by combining both sides on the right with the 
element a~‘ (which exists by property (3) of a group) to obtain 


Al: (b©a)Oat=(cOa)Oa!. 


Now specialize the for-all statement in property (1) of a group to both sides 
of Al to obtain 


A2: b© (a®a') =cO (aa). 

Using the fact that a~! © a = e from property (3) of a group, 42 becomes 
A3: bOe=cOe. 

Finally, specialize property (2) of a group to both sides of A3 to obtain 
A4: b=c. 
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The proof is now complete because A4 is the same as the conclusion of the 
proposition. O 


Proof. To reach the conclusion that 6 = c, you have that 


bOa = cOa (hypothesis) 
(b©a)Oa! = (c@a)@a (combine both sides with a~+) 
bO(a®a') = c@(a@a') (property (1) of a group) 
bOe = cOe (property of a~') 
b= Oe (property of e). 


The proof is now complete. 0 


C.10 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in either the hypothesis or the conclu- 
sion. Starting with the forward process, because a~! € G, you can specialize 
the for-all statement in property (3) of a group to state that 


Al: There is an (a~')~! € G such that a7! © (a7“!)7! = 
(a1)! @at =e. 


Now, if you can show that a € G also satisfies the property of (a~')~! in Al 
then, because the inverse element is unique (see Exercise C.7), by the forward 
uniqueness method (see Section 11.1), it must be that (a~')~' = a. Thus, 
you must show that 


Bl: a '@a=a0a!=e. 
However, B1 is true by property (3) in the definition of a group, and so the 


proof is complete. 


Proof. Because a~! € G, by property (3) of a group, there is an element 
(a~')-! € G such that a~! © (a~!)—! = (a“!)-! © a1! =e. Now aE G also 
satisfies a~! ©a =a®a! =e. Thus, because the inverse element is unique 
(see Exercise C.7), it must be that (a~')~' = a, completing the proof. DO 


C.11 Analysis of Proof. The forward-backward method is used to be- 
gin the proof because there are no keywords in either the hypothesis or the 
conclusion. Starting with the forward process, because a © b € G, you can 
specialize the for-all statement in property (3) of a group to state that 


Al: There is an (a© b)~! € G such that (@@b) © (a@b)-1 = 
(a@ b)-' © (a Ob) =e. 


Now, if you can show that b-' © a! € G satisfies the same property as 
(a © b)~' in Al then, because the inverse element is unique (see Exercise 
C.7), by the forward uniqueness method (see Section 11.1), it must be that 
(a® b)-'=b-!@©a!. Thus, you must show that 


Bl: (a0b) 0 (b-' Oa") =(b 1 Oa") O(aOb) =e. 
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However, the second equality in B1 is true by specializing the properties of a 
group, as follows: 


(>+6a")@(aOb) = [('Oa!)GalOb (property (1) of G) 
= [6 0(a?Oa)JOb (property (1) of G) 
= (b'Oe)Ob (property (3) of G) 
=: OF" Op (property (2) of G) 
=e (property (3) of G). 


A similar set of operations shows that (a@ b) © (b~! ©a~') =e. Thus, B1 is 
true, and so the proof is complete. 


Proof. Because a@ b € G, there is an element (a © b)~! € G such that 
(a@b) © (ab)! = (a@b)~! ©(aOb) = e. Now you also have that b~'@a7! 
satisfies (b~'@a~!)©(aOb) = e and (a®b)O(b-! Ga") = e€ (see the foregoing 
Analysis of Proof). Because the inverse element is unique (see Exercise C.7), 
it must be that (a© b)-'=b-! © a7}, thus completing the proof. O 


C.12 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in either the hypothesis or the con- 
clusion. A key question associated with the conclusion is, “How can I show 
that a set (namely, H) together with an operation (namely, © from G) forms 
a group?” One answer is to use the definition for a group. Accordingly, you 
must first show that 


B1: The operation © satisfies the property that for all elements 
abe H,aObed. 


Recognizing the keywords “for all” in the backward statement B1, you should 
now use the choose method to choose 


Al: Elements a,b «€ H, 


for which you must show that 


B2: aObe H. 


A key question associated with B2 is, “How can I show that an element 
(namely, a © b) belongs to a set (namely, H)?” Using the defining property 
of H, you must show that 


B3: There is an integer k such that a © b= a*. 


Recognizing the keywords “there is” in the backward statement B2, you should 
now use the construction method. Accordingly, the author turns to the for- 
ward process. Working forward from Al using the defining property of the 
set H, it follows that 


A2: There are integers i,7 such that a = x’ and b = 2. 


The author now works forward from A2 using Proposition 35 to state that 
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A3: a@b=21° Oe =a"), 


You can now see from A3 that the desired value of the integer k in B2 is 
k=itj. 

To complete the proof that (H, ©) is a group, it remains to show that the 
following three properties hold: 


(1) For all elements a,b,c € H, (a0b)Oc=a0(bOc). 
(2) There is an element e € H such that for all elements a € H, 
BA: a@e=eOQa=a. 
(3) For all elements a € H, there is an element a~! € H such 
thata@a'=a!©a=e. 


The author now uses the following three properties of the group (G,©) to 
establish the corresponding properties in B4 for (H, ©): 


(1) For all elements a,b,c € G, (a© b) Oc=a0 (bOc). 
(2) There is an element e € G such that for all elements a € G, 
AA: aOQe=eOQa=a. 
(3) For all elements a € G, there is an element a~! € G such 
thata@a-'=a!Oa=e. 


Recognizing the keywords “for all” in property (1) of the backward statement 
B4, the author uses the choose method to choose 


A5: Elements a,b,ce H, 


for which it must be shown that 


B5: (a0 b)Oc=a0 (bc). 


The author states that B2 is true by specializing the corresponding for-all 
statement in property (1) of A4 to a,b,c in A5. However, to specialize that 
statement in A4, it must be that a,b,c € G. The author states that this is the 
case without justification. The justification is that, because a,b,c € H, by 
the defining property of H, there are integers i, j,k such that a = 2’, b= 2, 
c= x". Each of these elements is in G because © combines elements of G and 
produces an element of G. 

Turning now to proving property (2) in B4, the author recognizes the 
keywords “there is” and uses the construction method. Specifically, the author 
constructs the identity element of H as the identity element e of G. According 
to the construction method, the author must show that the value of e satisfies 
the certain property and the something that happens in property (2) in B4; 
that is, the author must show that 


B6: e € H and for all elements a € H,a®e=eOQa=a. 
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The author notes that e € H because e = x°. Recognizing the keywords “for 
all” in the backward statement B6, the author now uses the choose method 
to choose 


A6: An element a € H, 
for which it must be shown that 
B77: a®e=ceOa=a. 


The author states that B7 is true, which is obtained by specializing the for-all 

statement in property (2) of A4 to a, noting that a € H and soaeéG. 
Turning to proving property (3) in B4, the author recognizes the keywords 

“for all” in the backward statement B4 and uses the choose method to choose 


A7: An element x” € H, 
for which it must be shown that 


B8: There is an element (x*)~! € H such that 
z® © (a*)—! = (2@*)-1 © a* =e. 
Recognizing the keywords “there is” in the backward statement B8, the author 
uses the construction method. Specifically, the author constructs (2*)~! = 
x—*, According to the construction method, the author must show that this 
value of (x*)~! = a—* satisfies the certain property and the something that 
happens in B8, namely, that 


B9: (c*)-! € H and x* © (r*)-1 = (2*) 1 Oak =e. 


Now (x*)~! = 2-* € H by the defining property of H. Finally, the author 
uses Proposition 35 to note that 


Ge hear’ Sa Oa ae. 
The proof is now complete. 


C.13 Analysis of Proof. Recognizing the keywords “if and only if,” two 
proofs are necessary. Thus, the author supposes first that 


A: Forallz,yeG,rOy=you, 
for which it must be shown that 
B: For alla,b€ G,(a@b)' =a od. 


Recognizing the keywords “for all” in the forward statement A and in the 
backward statement B, both specialization and the choose method are used. 
The author starts with the choose method applied to B and so chooses 


Al: Elements a,b € G, 


SOLUTIONS TO EXERCISES IN APPENDIX C 215 


for which it must be shown that 
Bis(4.@0)' =e Ob". 


The author then works forward from the left side of Bl using the result in 
part (f) of Table C.1 to state that 


A2: (a@b)-!=b' eat. 
The author then specializes A tor = b-! € Gand y =a"! € G to claim that 


A3: b'@att=a7' od. 


The desired statement B1 results from combining A2 and A3. 
Turning now to the converse, the author assumes that 


A: Forallz,yéG,(rOy)'=2 oy, 
for which it must be shown that 
B: For alla,be G,aOb=boOa. 


Recognizing the keywords “for all” in the forward statement A and in the 
backward statement B, both specialization and the choose method are used. 
The author starts with the choose method applied to B and so chooses 


Al: Elements a,b € G, 
for which it must be shown that 
Bl: a@b=bOa. 
The author obtains B1 by performing the following forward steps: 


(a@b)-+ = atobd} (specialize A) 
(a@b)-*' = db 'e6a7! [Table C.1 (f)] 
Get” = 6 ea (from above) 
b@(at@b-) = bO(b-'@a!) (combine with b) 
bo(a ob) = a} (properties (1-3) of G) 
a®@[boO(aoob-)] = ada (combine with a) 
(a@b)@(a'@b') = e (properties (1, 3) of G) 
[((a@b)O(atoo1)]Ob = eob (combine with 6) 
(a©@b)Oat = b (properties (1-3) of G) 
[((a@b)Oa"]Oa = boa (combine with a) 
aO®b = boa (properties (1-3) of G). 


Appendix D 
Solutions to Exercises 


. A common key question is, “How can I show that a sequence con- 


verges to a number?” 


. Using the definition, one answer to the key question in part (a) ap- 


plied to the specific problem results in having to show that 


B1: For every real number ¢€ > 0, there is an integer 7 € N 
such that for allk € N with k > j, |exyx — ry| <. 


. Recognizing “for every” as the first of the nested quantifiers in the 


backward statement B1, you should use the choose method next. 


. Use the set T={s€ R:s>0and s” > 2}. 
. Analysis of Proof. You can show that the set T in part (a) has an 


infimum by specializing the Infimum Property of real numbers. To 
do so, you must show that 


B1: T #0 and T is bounded below. 
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You can see that T 4 ) because 2 € T (recall that n > 1). Finally, 
0 is a lower bound for T. To see that this is so, according to the 
definition of a lower bound, you must show that 


B2: For every element x € T,x > 0. 


Recognizing the keywords “for every” in the backward statement B2, 
you should now use the choose method to choose 


Al: An element x € T, 


for which it must be shown that 


B3: x > 0. 


However, B3 is true because x € T and by the defining property of 
T, x >0. The proof is now complete. 


Proof. To see that T has an infimum, note that 2€ TandsoT #9. 
Also, 0 is a lower bound for T because, for x € T, by the defining 
property of T, « > 0. The fact that T has an infimum now follows 
from the Infimum Property of real numbers. O 


. Use the set T={s¢€ R:s>0 and s? >a}. 
. Analysis of Proof. You can show that the set T in part (a) has 


an infimum by specializing the Infimum Property of real numbers to 
the set JT. To do so, you must show that 


B1: T #9 and T is bounded below. 


You can see that T 4 @ because a € Tifa >1 whilele T ifa<1. 
Finally, 0 is a lower bound for T. To see that this is so, according to 
the definition of a lower bound, you must show that 


B2: For every element x € T, x > 0. 


Recognizing the keywords “for every” in the backward statement B2, 
you should now use the choose method to choose 


Ail: An element x € T, 
for which it must be shown that 


B3: «> 0. 


However, B3 is true because xz € T and by the defining property of 
T, x > 0. The proof is now complete. 
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Proof. To see that T has an infimum, note that a € Tifa > 1 while 
leTifa<1,soT #9. Also, 0 is a lower bound for T because, for 
x € T, by the defining property of T, x > 0. The fact that T has an 
infimum now follows from the Infimum Property of real numbers. O 


D.4 Analysis of Proof. Recognizing the keyword “unique” in the conclu- 
sion, you should use the backward uniqueness method. Accordingly, the first 
step is to construct an infimum for the set 7. However, this is given in the 
hypothesis, that is, 

A: T has an infimum, say, the real number uw. 


To complete the backward uniqueness method, you must now show that T 
has at most one infimum. Here, the direct uniqueness method is used to do 
so. Accordingly, you should now assume that 


Al: The real number v is also an infimum of T. 
You must now show that u and v are the same, that is, that 
B1: uw=v. 
To that end, working forward from A by definition of an infimum, you have 


A2: wu is a lower bound for T and for every lower bound w for 
T,u>w. 
Likewise, from Al, because v is a lower bound for T,, by definition, 


A3: v is a lower bound for T and for every lower bound w for 
T,v>w. 


Recognizing the keywords “for every” in both forward statements A2 and 
A3, you should now use specialization. Specifically, specializing the for-all 
statement in A2 to w = v, noting from A3 that v is a lower bound for T, the 
result is that 


A4: u>v. 


Likewise, specializing the for-all statement in A3 to w = u, noting from A2 
that wu is a lower bound for 7, the result is that 


A5: v> u. 


Statement B1 now follows from A4 and A5, and so the proof is complete. 


Proof. The hypothesis ensures the existence of a lower bound, say, u, for the 
set T. To see that u is unique, assume that v is also a lower bound for T. 
Then because wu is a greatest lower bound for T and v is also a lower bound 
for T, it follows that u > v. Likewise, because v is a greatest lower bound for 
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T and u is also a lower bound for 7, it follows that v > u. This means that 
u = v, and so the proof is complete, 0 


D.5 Analysis of Proof. Not recognizing any keywords in the hypothesis or 
conclusion, the forward-backward method is used to begin the proof. A key 
question associated with the conclusion is, “How can I show that a number 
(namely, 0) is a lower bound for a set (namely, T)?” Using the definition of a 
lower bound, you must show that 


B1: For all elements x € T, x > 0. 


Recognizing the keywords “for all” in the backward statement B1, you should 
now use the choose method to choose 


Al: An element « € T, 

for which it must be shown that 
B2: x > 0. 

Working forward from Al using the defining property of T, you know that 
A2: x >Oand 2? >2. 


The fact that z > 0 in A2 ensures that B2 is true, thus completing the proof. 


Proof. To see that 0 is a lower bound for T, let x € T (the word “let” here 
indicates that the choose method is used). But then, by the defining property 
of T, x > 0. This shows that 0 is a lower bound for T’,, thus completing the 
proof. O 


D.6 Analysis of Proof. Recognizing the keywords “for every” as the first 
quantifier in the conclusion, the choose method is used to choose 


Ail: A real number ¢€ > 0, 


for which it must be shown that 


B1: There is an element x € T such that x <t+e. 


Recognizing the keywords “there is” in the backward statement B1, the author 
uses the construction method to produce the element x € T. To do so, the 
author works forward from the hypothesis that t is the infimum of T which, 
by definition, means t is a lower bound for T and 


A2: For every lower bound s for T, s < t. 
The author then states that 


A3: t+ is not a lower bound for T. 
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Now A3 is true because, if ¢ + € is a lower bound for T, then you could 
specialize A2 to s =t+e and hence conclude that t +e < t; that is, « < 0, 
which contradicts Al. The author then works forward from A3 by writing the 
NOT of the definition of a lower bound for a set to obtain 


A4: There is an element x € T such that x <t+e. 


The proof is now complete because A4 is the same as B1. 


D.7 Analysis of Proof. The author starts with the backward process and 
asks the key question, “How can I show that a real number (namely, t) is the 
infimum of a set (namely, T)?” By definition, one answer is to show that 


B1: ¢ is a lower bound for T and for every lower bound s for 
T,s<t. 


The author then notes that the hypothesis states that t is a lower bound for 
T, so, from B1, it remains only to show that 


B2: For every lower bound s for T, s < t. 


Recognizing the keywords “for every” the backward statement B2, the author 
uses the choose method to choose 


Al: A lower bound s for T, 


for which it must be shown that 


B3: s <t. 


The author now turns to the contradiction method to show that B3 is true 
and, accordingly, assumes that B is not true, that is, that 


A2: s>t. 


To reach a contradiction, the author first applies specialization to the for-all 
statement in the hypothesis. Specifically, the author specializes that state- 
ment to the real number ¢« = s —t. To apply specialization, this value of ¢€ 
must be > 0, which it is from A2. The result of specialization is that 


A3: There is an x € T such that x <t+e=t+(s—t)=s. 


Finally, working forward from A1 by definition means that 


AA: For every element x €T, 27> s. 


You can see that A3 is the negation of A4 and so it is not possible for both A3 
and A4 to be true at the same time. This contradiction completes the proof. 


D.8 The sequence X = (21, 2%2,...) does not converge to the real number x 
means that there is a real number € > 0 such that for every integer 7 € N, 
there is an integer k € N with k > j such that |x, —ax| >. The statement 
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is obtained by using the rules in Chapter 8 to negate the definition of X 
converging to xz, as follows: 


NOT{for every real number ¢€ > 0, there is an integer 7 € N such that 
for allk € N with k > J, la, —2| < €]. 


There is a real number ¢ > 0 such that NOT|there is an integer 7 ¢ N 
such that for allk € N with k > j, la, —2| < €]. 


There is a real number € > 0 such that for every integer 7 €¢ N, NOT[for 
allk € N with k > j, |x, — 2| < é]. 


There is a real number € > 0 such that for every integer 7 € N, there is 
an integer k € N with k > j such that NOT||x;, — x| < €]. 


There is a real number € > 0 such that for every integer 7 € N, there is 
an integer k € N with k > 7 such that |x, — 2| >. 


D.9 The sequence X = (21, %2,...) is not monotone increasing means that 
there is an integer i > 1 such that x; > x41. The statement is obtained by 
using the rules in Chapter 8 to negate the definition of X being monotone 
increasing, as follows: 


NOT[for each i = 1,2,...,2; < vi41]. 
There is an integer 7 > 1 such that NOT|a; < x;41]. 


There is an integer 7 > 1 such that 2; > vj41. 


D.10 Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or the conclusion. 
An associated key question is, “How can I show that a sequence [namely, X = 
(+,554>---)] converges to a real number (namely, 0)?” Using the definition 


of convergence, one answer is to show that 


B1: For every real number € > 0, there is an integer 7 € N 
such that for all k € N with k > j, |— -O| =z<e. 


Recognizing the keywords “for every” as the first quantifier in the backward 
statement B1, you should use the choose method to choose 


Al: A real number e > 0, 
for which it must be shown that 
B2: There is an integer 7 € N such that for all k € N with 
k>j, E<€ 
Recognizing the keywords “there is” as the first quantifier in the backward 
statement B2, you should now consider using the construction method. You 


SOLUTIONS TO EXERCISES IN APPENDIX D 223 


can turn to the forward process in an attempt to do so. However, another 
approach is to assume that you have already constructed the desired value of 
j € N. To complete the construction method, you would then have to show 
that your value of 7 satisfies the something that happens in B2; namely, that 


B3: For allk € N with k > j, ¢ <e. 


The idea now is to try to prove B3, and in so doing to discover what value 
of 7 € N allows you to do so. Proceeding with the backward process and 
recognizing the keywords “for all” in B3, you should now use the choose 
method to choose 


A2: An integer k € N with k > J, 


for which you must show that 
Ba: i <e. 
Now, from A2, you know that k > j, so 
al ol 
A3: 5 < ; 
You can obtain B4 from A3 provided that 
B5: ; <e. 


Indeed, this tells you that you need to construct 7 so that B5 holds. Solving 
the inequality in B5 for 7 using the fact that « > 0 leads to 


B6: j>. 


In other words, constructing j to be any integer satisfying B6 enables you to 
show that B5, and hence B4, is true, thus completing the proof. 


Proof. To see that the sequence X = (7, 5 3, ...) converges to 0, let € > 0. 


(The word “let” here indicates that the choose method is used.) Now let j be 
any integer with 7 > 1, (The word “let” here indicates that the construction 
method is used.) Now let k € N with k > j. (The word “let” here indicates 
that the choose method is used.) You then have that 


1 1 
a a a 


The proof is now complete. O 


D.11 Analysis of Proof. According to Exercise D.8, to show that the 
sequence X = (4, 4, 3, ...) does not converge to 1, you must show that 
B1: There is a real number ¢ > 0 such that for every integer 
j € N, there is an integer k € N with k > 7 such that 
lz -—l1|>e. 
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Recognizing the keywords “there is” as the first quantifier in the backward 
statement B1, you should use the construction method. You can turn to the 
forward process in an attempt to do so. However, another approach is to 
assume that you have already constructed the desired value of ¢. To complete 
the construction method, you would then have to show that your value of ¢€ 
satisfies the something that happens in B1, namely, that 


B2: For every integer 7 € N, there is an integer k € N with 
k > j such that |t — 1] >. 


The idea now is to try to prove B2 and, in so doing, to discover what value of 
€ allows you to do so. Proceeding with the backward process and recognizing 
the keywords “for all” in B2, you should use the choose method to choose 


Al: An integer j € N, 
for which you must show that 
B3: There is an integer k € N with k > j such that |t—1| >. 


Recognizing the keywords “there is” in the backward statement B3, you should 
use the construction method to produce an integer k € N with k > j such 
that |Z —1| >. In other words, you must construct k > j such that 


z-1|=1- >e, thatis, —<1l-—e. (D.1) 


ale 
ale 


Solving equation (D.1) for k means you must construct k > 7 so that 


>. (D.2) 


In summary, if the value of € is, say, € = 3, then, by constructing the integer 
k >j with k > 4 [from (D.2)], this value of e€ will satisfy the something that 
happens in B1, as shown in the following condensed proof. 


Proof. To see that the sequence X = (4, 4, 3, ...) does not converge to 1, 


according to Exercise D.8, it must be shown that there is a real number € > 0 
such that for every integer 7 € N, there is an integer k € N with k > 9 
such that |¢ — 1| >. To that end, let « = + (the word “let” here indicates 
that the construction method is used). Now let 7 € N (the word “let” here 
indicates that the choose method is used). Finally, constructing the integer 
k > max{j,4}, you have that k > j and also 


The proof is now complete. O 


SOLUTIONS TO EXERCISES IN APPENDIX D 225 


D.12 a. Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or the 
conclusion. A key question associated with the conclusion is, “How 
can I show that a sequence [namely, —Y = (—y1, —y2,...)] converges 
to areal number (namely, —y)?” Using the definition of convergence, 
one answer is to show that 


B1: For every real number e€ > 0, there is an integer 7 € N such 
that for allk € N with k > 7, |—yx-—(—y)| = luz —y| <€. 


Working forward now from the hypothesis that the sequence 
Y = (y1, y2,-.-) converges to y, by definition you know that 


A1: For every real number ¢ > 0, there is an integer 7 € N 
such that for allk € N with k > j, |yx —y| <e. 


The proof is now complete because Al is the same as B1. 


Proof. To show that the sequence —Y = (—yi, —yo,...) converges 
to y, by definition of convergence, it must be shown that for every 
real number e€ > 0, there is an integer 7 € N such that for all k ¢ N 
with k > j, |—yx—(—y)| = |ye—y| < €. However, this is true because, 
from the hypothesis, it is given that the sequence Y = (y1, yo,..-) 
converges to y. The proof is now complete. O 


b. Analysis of Proof. The forward-backward method is used to begin 
the proof because there are no keywords in the hypothesis or the 
conclusion. A key question associated with the conclusion is, “How 
can I show that the sum of two sequences (namely, X and —Y) 
converges to the sum of two real numbers (namely, « and —y)?” 
One answer is to use previous knowledge (see Chapter 3) in the form 
of Proposition 41, whose conclusion is that the sum of two sequences 
converges to a sum of two real numbers. Accordingly, you must 
show that the hypotheses of Proposition 41 are satisfied for the two 
sequences X and —Y, that is, you must show that 


B1: The sequence X converges to the real number x and the 
sequence —Y converges to the real number —y. 


Now the hypothesis of the proposition in this exercise states that X 
converges to x. Finally, the fact that the sequence —Y converges to 
—y is proved in part (a) of this exercise. The proof is now complete 
because B1 is true. 


Proof. The hypothesis states that the sequence X converges to the 
real number x. Also, in part (a), it was proved that the sequence 
—Y converges to the real number —y. Thus, by Proposition 41, it 
follows that the sequence X + (—Y) = X —Y converges to the real 
number x + (—y) = «-— y, and so the proof is complete. 0 
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D.13 Analysis of Proof. The words, “Suppose, to the contrary, ...” in- 
dicate that the author is using the contradiction method. Accordingly, the 
author assumes the hypothesis 


A: For every real number ¢ > 0, |a — y| <e. 
and also 
Al (NOT B): «#4y. 


The author then specializes A to the specific value « = |x — y|. To apply 
specialization, it is necessary to show that this value of € satisfies the certain 
property in A of being > 0. This, however, is true because x # y from Al 
and so € = |x — y| > 0. The result of specializing A2 to e = |x — y| is that 


A2: |x —y| < |a—yl. 


Now A2 is a contradiction because a number (namely, |a — y|) cannot be 
strictly less than itself, thus completing the proof. 


D.14 Analysis of Proof. Recognizing the keyword “only” in the conclusion, 
the author uses the backward uniqueness method. The first step therefore is 
to construct the object which, in this case, is given in the hypothesis, that is, 


A: The sequence X converges to the real number 2. 


To show that x is the only real number to which the sequence X converges, 
the author then uses the direct uniqueness method. Accordingly, the author 
assumes that there is another such object, y, that is, 


A1: The sequence X also converges to the real number y. 
The author must now show that x and y are the same, that is, that 
Bl: c=y. 


Working backward from B1, the author asks the key question, “How can I 
show that two real numbers (namely, 7 and y) are equal?” In this case, the 
author uses the knowledge in the previous exercise to answer this question. 
Specifically, B1 will follow if the author can show that 


B2: For every real number e€ > 0, |” — y| < €. 


Recognizing the keywords “for all” in the backward statement B2, the author 
uses the choose method to choose 


A2: A real number e > 0, 


for which it must be shown that 


B3: |x —y| <e. 
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The author then turns to the forward process. Specifically, working forward 
from A by using the definition of convergence, it follows that 


A3: For every real number € > 0, there is an integer 7 € N 
such that for allk € N with k > j, |v, —2| < 


Recognizing the keywords “for every” in the forward statement A3, the author 
applies specialization using the value € = €/2 > 0 (from A2). Note that, at 
this point, it is not clear why the value of €/2 is used but should be related 
to showing that B3 is true. Nevertheless, the result of specialization is that 


AA: There is an integer 7; € N such that for all k © N with 
k >; |v, — 2| < €/2. 


Similarly, working forward from Al using the same reasoning as in A3 and 
AA, it follows that 


A5: There is an integer jg € N such that for all k € N with 
k > jo, |an —y| < €/2. 


The author then constructs 
A6: An integer k € N with k > max{j1, jo}. 


At this point, it is not clear why the author does so, but the reason should 
be related to showing that B3 is true. Indeed, the author now works forward 
from the left side of B3 to claim that 


AT: |x -—y| =|e-apt+a,—y| (add 0=2,% — 2x). 


Then, because |a + b| < |a| + |b|, the author states that 
A8: |x —ap + ap —y| < |x —axp| + lee — yl. 


The author then notes that each of the terms on the right side of the inequality 
in A8 is < €/2. To see that this is true, specialize the for-all statements in 
the forward statements A4 and A5 to the integer k € N in A6. To do so, it 
must be that k > j; and k > jo. Indeed & satisfies these properties because 
k was constructed in A6 to satisfy k > max{j1,j2}. The result of these 
specializations is that 


AQ: |x — xx| < €/2 and |a, — y| < €/2. 
Combining A7, A8 and A9 yields 


A10: |x—yl = |2—24+2~—-y| < |2—zal+lee—yl = $+ § =e. 


The proof is now complete because A10 is the same as B3. 


